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ABSTRACT

Generation of auroral kilometric and Z-mode radiation by the
cyclotron maser mechanism is studied. This study entails investigation
of the relativistic Doppler shifted cyeclotron resonance condition and
the growth of electromagnetic waves by the cyclotron maser mechanism.
It is shown that the cyclotron resonance condition defines an ellipse
in velocity space when the product of the index of refraction and
cosine of the wave normal angle is less than or equal to one and a
partial ellipse when the above product is larger than one. It is also
shown that waves with frequencies greater than the gyrofrequency (or
its harmonic for higher harmonic resonances) can only resonate with
particles moving in the same direction along the magnetic field, while
waves with frequencies less than the gyrofrequency (or its harmonic),
resonate with particles moving in both directions along the magnetic
field.

The relativistic resonance condition and the electron distribution
function in velocity space obtained by the 353-3 satellite are used to
numerically calculate growth rates for both the auroral kilometric and
Z-mode radiation. The results show that this electron distribution is
unstable and provides positive growth rates for both the aforementioned
emissions. In the case of auroral kilometric radiation (AKR), the

upgoing electrons with a loss cone distribution are the primary source



of free energy, while in the case of Z-mode radiation both the upgoing
and the downgoing electrons contribute to the growth of these waves.
Assuming no refraction for the Z-mode waves, the path lengths required
to account for the observed intensities of these emissions are calcu-—
lated and the results show that this radiation can be sufficiently
amplified within reasonable distances. In order to compute path inte-
grated growths of auroral kilometric radiation, Poeverlein's graphical
method is used to perform a three—dimensional ray tracing for these
waves. By computing path integrated growths of six representaitive
rays, it is demonstrated that electron distribution functions like
those measured by the S53-3 satellite are not capable of amplifying
cosmic noise background to the observed intensities of auroral kilo-
metric radiation, and that much steeper slopes at the edges of the loss
cone are required to do so. The presence of such distribution fune-—
tions in the auroral zone is plausible if one assumes that back-
scattered electrons in this region have energies less than a few

hundred eVs.
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ABSTRACT

Generation of auroral kilometric and Z-mode radiation by th;
cyclotron maser mechanism is studied. This study entails investigation
of the relativistic Doppler shifted cyclotron resonance condition and
the growth of electromagnetic waves by the eyeclotron maser mechanism.
It is shown that the cyeclotron resonance condition defines an ellipse
in velocity space when the product of the index of refraction and
cosine of the wave normal angle is less than or equal to one and a
partial ellipse when the above product is larger than one. It is also
shown that waves with frequencies greater than the gyrofrequency (or
its harmonic for higher harmonic resonances) can only resonate with
particles moving in the same direction along the magnetic field, while
waves with frequenciles less than the gyrofrequency (or its harmonic),
resonate with particles moving in both directions along the magnetic
field.

The relativistic resonance condition and the electron distribution
function in velocity space obtained by the 53-3 satellite are used to
numerically calculate growth rates for both the auroral kilometric and
Z-mode radiation. The results show that this electron distribution is
unstable and provides positive growth rates for both the aforementioned
emissions. In the case of auroral kilometric radiation (AKR), the

upgoing electrons with a loss cone distribution are the primary source
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of Free energy, while in the case of Z-mode radiation both the upgoing
and the downgoing electrons contribute to the growth of these waves.
Assuming no refraction for the Z-mode wawves, the path lengths required
to account for the observed intensities of these emissions are calcu-
lated and the results show that this radiation can be sufficiently
amplified within reasonable distances. In order to compute path inte-
grated growths of auroral kilometric radiation, Poeverlein's graphical
method is used to perform a three-dimensional ray tracing for these
waves. By computing path integrated growths of six representaitive
rays, it is demonstrated that electron distribution functions like
those measured by the 53-3 satellite are not capable of amplifying
cosmic noise background teo the cobserved intensities of auroral kilo-
metric radiation, and that much steeper slopes at the edges of the loss
cone are required to do so. The presence of such distribution func-
tions in the auroral zone is plausible if one assumes that back-
scattered electrons in this region have energies less than a few

hundred eVs.
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I. INTRODUCTION

Auroral kilometric and broadband Z-mode radiation are two of the
principal types of electromagnetic waves observed in the auroral
region (Figure 1). Auroral kilometric radiation or AKR is one of the
most intense radio emissions from the Earth's magnetosphere. This
radiation has been extensively studied in the past several years. It
is now well known that AKR is generated in the high latitude auroral
reglons at radial distances between 1.5 to 3 Rg in association with
discrete auroras and inverted-V electron precipitation regions
[Gurnett, 1974; Kaiser and Stone, 1975; Kurth et al., 1875; Green et
al., 1979; Benson and Calvert, 1979; Gallagher and Gurnett, 1979]. The
most intense and dominant component of this radiation is generated in
the right-hand polarized extraordinary (R-X) mode, although left-hand
polarized radiation has also been observed [Gurnett and Green, 1978;
Kaiser et al., 1978; Benson and Calvert, 1979; Shawhan and Gurnett,
1982]. Observations with the ISIS-1 topside sounder satellite [Benson
and Calvert, 1979] and the Hawkeye satellite [Calvert, 1981] have
revealed the presence of a large plasma cavity in the auroral region.
These observations indicate that the kilometric radiation is generated
in a region where the ratio of the plasma frequency (fp) to the

electron gyrofrequency {fg) is much less than one.



Unlike AKR, which has been extensively studied for several years,
little is known about the broadband Z-mode radiation which is found in
the low density plasma over the high latitude auroral and polar regions
[Calvert, 1981; Gurnett et al., 1983]. Due to lack of adequate direc-
tion finding observations the source region has not been exactly
located, although it is likely that it is generated in the auroral
region. Recent measurements with the DE-1 spacecraft have shown that
Z=-mode radiation is not observed between fE and the upper hybrid reso-
nance frequency (fpyyr) and that it is most intense right below the
gyrofrequency. Observations have also indicated that this radiation
propagates nearly perpendicular to the geomagnetic field B [Gurnett et
al., 1983].

As far as generation mechanisms for these two radiations are con-
cerned, more work has been done on AKR than on Z-mode radiation. Among
the many theories proposed for the generation of AKR, the one suggested
by Wu and Lee [1979] has been most consistent with the particle and
wave observations in the auroral zone. In this theory it is suggested
that mildly relativistic electrons with a loss cone distribution can
amplify right-hand polarized extraordinary waves via the cyclotron
maser mechanism. Recently, in a number of papers [Lee and Wu, 1980;
Omidi and Gurnmett, 1982; Wu et al., 1982; Melrose et al., 1982; Dusen—
bery and Lyons, 1982; Hewitt et al., 1982; Hewitt and Melrose, 1982;
LeQueau et al., 1983; Omidi et al., 1984; Melrose et al., 1983; LeQueau
et al., 1983; Omidi and Gurnett, 1984] the cyclotron maser instability

has been extensively studied and its applicability to the generation of



AKR has been tested. The results of these studies have shown that
gelectron distribution functions with loss cones are unstable and give
rise to the growth of R-X mode waves with frequencies (f) near the
electron cyclotron frequency and at large wave normal angles (68). In
most of these studies, model electron distribution functions were used
to calculate growth and damping rates. Omidi and Gurmett [1982] and
Omidi et al. [1984] used a representative electron pitch angle distri-
bution measured by the 53-3 satellite in the auroral region to compute
growth and damping rates. These calculations demonstrated that auroral
electron distribution functions are unstable. However, computations of
the path integrated growth of AKR have shown that these distributions
are not capable of providing sufficient amplification for the kilome-
trie radiation and that much steeper slopes at the edges of the loss
cone are required to allow sufficient growth of these waves [Omidi and
Gurnett, 1984].

As was mentioned earlier, compared to AKR, much less work has been
done on the generation of Z-mode radiation. Among the theories pro-
posed for the generation of Z-mode emlssion, all but one suggest that
these waves are generated between fg and fyyggr. For example, Taylor and
Shawhan [1974] suggested incoherent Cerenkov radiation as a generation
mechanism while Kaufman et al. [1978] and Maggs and Lotko [1981] have
proposed that coherent plasma instabilities due to auroral electron
beams are responsible for the generation of Z-mode radiation.

Recently, Omidi et al. [1984] and Hewitt et al. [1983] proposed the

cyclotron maser lnstability as a generation mechanism for Z-mode



emissions. Omidi et al., [1984] suggested that Z-mode waves with fre-
quencies below the gyrofrequency can be amplified via resonance with
electrons with free energy moving in both directions along the magnetic
field. Hewitt et al. [1983] on the other hand suggested that amplifi-
cation occurs for waves with frequencies between fg and fyyg through
resonance with the upgoing electrons in the loss cone. One objection
to this mechanism, however is that Z-mode emissions are not observed
above the electron gyrofrequency.

In the present work an attempt is made to present a detailed study
of the cyclotron maser mechanism and its application to the generation
of auroral kilometric and Z-mode radiation. In Chapter II, the rela-
tivistic Doppler-shifted cyclotron resonance condiction is extensively
studied, and its general properties are reviewed. It is shown that
this resonance condition defines an ellipse in velocity space when the
product of the index of refraction (N) and cosine of the wave normal
angle is less than or equal to one and a partial ellipse when the pro-
duct is larger than one. Characteristics of the resonance ellipse in
the case of resonance with the free space R-X mode and Z-mode radiation
are also presented.

In Chapter III, the growth rates of both the upgoing and downgoing
AKR are presented. It is shown that the upgoing waves are more likely
to be amplified. Using Poeverlein's graphical method, a three-
dimensional rtay.tracing for the kilometrie radiatiu; is performed in
Chapter IV. The ray paths obtained in this chapter are used to compute

the path integrated growths of AKR in Chapter V. Since the §3-3



electron distribution function is not capable of sufficiently amplify-
ing the waves, model distribution functions are used to find the
minimum slopes G%%—} required to account for the observed intensities
of AKR. 1In Ehapte: IV, generation of the Z-mode radiation by the
cyclotron maser instability is considered. It 1s shown that the 53-3
electron distribution function can sufficiently amplify this radiation.
In Chapter VII, summary and conclusions of this study are presented.
Finally in the appendix, the expressions used in calculating the
imaginary part of the frequency (wj) are given, and a simple approxi-
mate equation for (w;) similar to that given in Wu and Lee [1979] but
in a more accurate form is derived.

Before concluding this chapter, a few remarks on the notations
used in this manuscript are in order. The first item of notation is
that throughout this work both frequency and angular frequency are
used. For example, both fg and wy = ang are used interchangeably
throughout the manuscript. The justification for using these two types
of frequencies is that frequencies are usually used when dealing with
observations and angular frequencies are usually used when dealing with
theory. The second item of notation is that in the present study it
has been assumed that two separate electron populations exist in the
auroral region. The first population consisting of cold electrons with
a plasma frequency fIJc {or just fp for simpliecity) and the second

population consisting of more tenuous hot electrons with a plasma



frequency fpg. The cold electroms are presumed to control the real
part of the dispersion relation while the warm electrons are presumed

to cause the wave amplification. This assumption seems to be

appropriate as long as fpe 2 fPH [Wu et al., 1982].



II. RELATIVISTIC DOFPLER-SHIFTED CYCLOTRON RESONANCE

It is well known [Baldwin et al., 1969] that in order for a wave
with angular frequency w and wave normal angle 8 to resonate relativ-
istically with electrons with angular gyrofrequency g and velocity v
along a magnetic field line, the following condition must be

satisfied:

w=kvCos 6= £ (la)

where the integer n indicates various harmonies of wg, k is the wave
number, y = (1 -v2/e2)~1/2 vy ig electron velocity, and ¢ is the speed
of light. Substituting Nw/c for k, where N is the index of refraction

and dividing both sides of Equation (la) by w one obtains:

<
a

I = ¥ Cos B-tm oll —yofes (1b)

°

n
where ¥ E-E—E. Squaring both sides of Equation (1) results im an

equation for an ellipse. This ellipse has a center at Vg = B/A, semi-

minor axis Vg = D/A, and semi-major axis Vg = D/Y, (Figure 2a) where



a = (2 + N2cos%e)t’? (2a)
B = cH Cos 8 (2b)
A
and
B .:2(1-:2 - 1) + B2 . (2e)

Rather than analyzing the resonance condition for each specific mode of
propagation, one can study how the parameters ¥ and Ny = N Cos & can
affect the size and position of the resonance ellipse. Once this is
done, it will be a matter of knowing the values of Y and Ny in a
specific mode, and an overall view of the resonance condition will be
at hand. Note that Y and Nj completely determine the shape and
position of the resonance ellipse.

As can be seen in Figure 2, the semi-minor axis of the resonance
ellipse lies on the v axis. From the definitions of Vg and Vg it is
clear that if B > D then the resonance ellipse lies entirely in the
region vy > 0, i.e., &all parallel resonance velocities will be positive
(Figures 2a,d). HNote that positive v corresponds to a direction along
the magnetic field B for which ky = k Cos § has a positive value, i.e.,
it is the wave vector k that determines which side of the distribution

corresponds to positive vy. Similarly, for B = D the ellipse will go



through the origin (Figures 2b,e) and for B < D the resonance ellipse
encircles the origin (Figures 2c,f). From Equation (2c) it is evident
that D> B4if Y > 1, and D ¢ B if Y < 1, which means that for Y <1
only particles with positive v can resonate with waves, whereas for Y
» 1 particles with both positive and negative parallel velocities
resonate with waves [Omidi et al., 1984]. Note that this result can
only be obtained if the relativistic resonance condition is used, i.e.,
if y is set equal to one for low energy electrons in Equation (1), then
depending upon the value of Y, only particles with vy > 00r v <0,
but not both can resonate with the waves.,

In order to study the role of N it should be noted that since the
equation of the resonance ellipse is obtained by squaring both sides of
Equation (1), it is possible that this equation may have false roots.
Since the right-hand side of Equation (lb) is always positive, the
left-hand side must also be positive and any vy for which the left-hand
side is negative is a false root. Clearly for Ny < 1 all parallel
velocities corresponding to the resonance ellipse are acceptable roots
because the term Nyv/c is always less than one and therefore the left-
hand side of Equation (lb) is always positive (Figures 2a,b,c). Onm the
other hand, for Ny > 1 the left-hand side of Equation (lb) is negative

for all v that satisfy the following condition

v

c
u>ﬂ_" - (3)
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This can be seen by noting that vy, = ¢/N; sets the left-hand side of
Equation (1b) equal to zero. It can easily be shown that the straight
line vy = ¢/N; always intersects the resonance ellipse at the

perpendicular velocities

1 1/2
= 4+ P
Vio el 2] (4)
N
|
2 2,152 p :
which correspond to vy = (vla + vlﬂ) = ¢. From Equation (3) it is

evident that the portion of the resonance ellipse that fails to the
right of the straight line v = c}NH, corresponds to false roots, i.e.,
particles laying on this portion of the ellipse are not in resonance
with waves. The non-resconance portion of the ellipse is shown in
Figures 2d,f by broken lines.

As will be demonstrated in Section A, for small Ny, the resonance
ellipse does not approach the straight line vy = c(l - Y)/N, given by

the nonrelativistic resonance condition

w=-kywp=n W : (5)

even when the resonance velocity is small. In this context, the term
nonrelativistic may not be entirely appropriate because it is not just
the velocity of the resonating electrons that determines whether Egqua-

tion (1) or (5) should be used, but also the value of Ny. By taking
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the limit of large N it can be shown that the resonance line (resonat-
ing portion of the ellipse) given by equation (1) approaches that of
Equation (5). This can be seen by noting that as N gets larger the
ellipse given by Equation (1) becomes more eccentric, v, gets smaller
and v, approaches c. Note also that as Ny + =, the center of ellipse
Ve and the semi-minor axis Vg both approach zero and the semi-major
axis V5 approaches the speed of light.

‘In summary, it has been shown that when the wave frequency is
below the gyrofrequency (or its harmonic), both electrons with positive
and negative v resonate with waves, and as we shall see in Chapter VI
this is of great importance in the generation of the broadband Z-mode
radiation. It has also been demonstrated that when Ny > 1, particles
with vy > ¢/N, are not in resonance with waves, and as N gets larger
the difference between the relativistie and the nonrelativistic reso-

nance condition becomes less noticeable.

A. Resonance With the Free Space B=X Mode at n = 1

To better understand the characteristiecs of the resonance ellipse,
Figure 3 is provided. This figure shows Vp/c and Vg/c plotted as a
function of the normalized parameter Auw/uwg (Aw = w - mg} for two mpfu%
ratios and a number of wave normal angles. As can be seen, the allowed
resonance conditions are bounded by the "D = 0 boundary” which we shall
now discuss. GSince the semi-major and semi-minor axes are given by D/Y
and D/A, respectively, it is eclear that whenrD, given by Equatiom 2e,

goes Co zero the resonance ellipse shrinks to a point and disappears.
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Setting D = 0 in Equation 2c and also recalling that Vg = B/A, we get
two equations, and by eliminating the (N cos 8) term between them we

find:

W, al
—(— + 2)
?G w_ tw
= —h (6)
T e ¢
&

which is the equation for the D = 0 boundary. MNote that the D = 0
boundary is only a function of the ratio ﬁmfmg and is completely inde-

pendent of wp.

The low frequency limit te cycletron resonance occurs near the

extraordinary mode cutoff, wp.g = mEIE + f(uhfﬂ}‘ + mrz. As this cut-
off is approached from higher frequencies the index of refraction goes
to zero, as illustrated in Figure 4. Near the cutoff the resonance
ellipse degenerates to a circle, this time with both the radius and
center shrinking to zero as w approaches wg=(. WNote, however, that Vg
never reaches zero because the D=0 boundary is encountered before w
reaches wWR=(Q.

The bottom two panels of Figure 3 demonstrate the behavior of the
semi-minor axis, Vg, which is equivalent to the radius of the resonance
cirele for low velocities. WNote that for any given &, Vg goes to zero
for values of &mwa for which the Vg curve intersects the D = 0 bound-

ary. Each Vg curve intersects the D=0 boundary twice. Thus, there are
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two values of ﬂmJuE for which Vg = 0O,marking the upper and lower
bounds of the cyclotron resonance interaction region.

Panels a and ¢ in Figure 3 indicate that as w approaches ug=(Q),
Ve/e and Vg/c both approach zero and the velocity of resonanting elec-
trons becomes very small, Thus, one might think that for w close to
wp=p & nonrelativistic resonance condition might suffice. However,
this conjecture is not true {(as was demonstrated in the last section in
a different way) for the following reason. As it is shown in Figure 4,
the index of refraction goes to zero at up=p, i.e., Ny is zero. Using

the nonrelativistic resonance condition,

R L. Y. (5)
c

it is evident that the resonance velocity goes to infinity as w ap-
proaches wp=g, Which is in contradiection with the relativistic results.
This contradiction can be resolved in the following manner. From Equa-
tion 1 with v = 0 and the approximation vl = (1 - v2/2¢2), the low

velocity root for v can be written in the relativistic form as

v Hww ) w 2

R Ty | (WOIEMICI S a3 e £ 7

c i w ] w [w ] 2 (7)
g g 4 N,
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If the second term in the square root is assumed to be small, then this

equation reduces to the nonrelativistic resonance condition

v
I Aw
Taiats (8)
whenever

9
[—5]2—2«1 L

It is evident, therefore, that the nonrelativistic formula for vy can
be obtained from the relativistiec formula for vy (Equation 7) if and
only if Equation 9 is satisfied. It is clear from Equation 9 that
whenever either N or cos § approach zero, the nonrelativistic formula
fails to provide an adequate approximation, even for very low velo-
cities. Recalling that Vg/e << 1 only when Nj << 1, we conclude that
under no limit will the relativistic resonance ellipse approach the
nonrelativistiec resonance condition, which is a straight line parallel
to the V; axis.

Another dependence that can be seen from Figure 3 is that as the
wp/wg ratio increases the maximum wave normal angle for which the
resonance condition ean be satisfied decreases and the minimum Vg
increases. Thus, as the mpfug ratio decreases the minimum energy of

the resonating electrons becomes smaller.
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We now illustrate the effect of letting N and Cos B go to zero on
the resonance ellipse. One can see from Equation (2a) that as N Cos 8
approaches zero, A approaches Y and D/A goes to D/Y, which means that
as either N or Cos 8 approach zero the resonance ellipse approaches a
circle. Figure 5 summaries all of the results obtained so far. For
example, in panels a and ¢ of Figure 5 w is near wg=g and thus N << 1,
which explains why all the resonant curves are close to a circle. In
Figure 5 (b and d), however, N = 1 and thus the resonant curves are
circular only for large wave normal angles (Cos 8 + 0) and as 0 becomes
smaller the resonant curves become more elliptiecal.

Figure 6 shows the lower left part of CMA diagram in which the
free space R-X mode exists. The shaded region shows the values of X =
mpzfmz and Y = mgfm for which resonance is possible. This illustration
demonstrates how the wave normal angle determines the values of X and Y
for which resonance is possible. The dashed boundary is the line on
which D = 0 (D = 0 boundary) and its equation in (X, ¥Y) space is
obtained from Y2 + N2 Cos2 8 = 1 (see Equation 2c) and substituting for
N in terms of X, Y and 8. Figure 6 shows that as the wave normal angle
increases a lower plasma frequency is required for resonance to occur
and that the wave frequency must be closer to the cutoff frequency
WR=(*

Contours for the minimum energy of the resonating electrons are
plotted in the CHMA diagram of Figure 7. The line which various con-
tours intersect is the D = 0 boundary. Figure 7 shows that as the wave

normal angle increases, only lower energy electrons can resonate with
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waves. In other words, in a region with low p and w near wp=p, Waves
only resonate with low energy electrons and as the wave normal angle

increases, lower plasma frequencies are required for resonance.

E. GEResonance With the Z-Mode Radiation

In contrast with the fast extraordinary mode waves whose ilndex of
refraction vary between zero and one, the slow extraordinary {or
Z-mode) waves have index of refraction that vary between zero and
infinity. According to the cold plasma theory, Z-mode radiation can
exist between the L = 0 cutoff {qthnj and the upper hybrid resonance

{w ) frequencies given by:
UHR

E
I

- w
=5 4 _Ey2 4 42
3 {2 ) mp and

L=0
(10)

W = #wz + m; .

UHR g

It is obvious that in the case of Z-mode radiation, both Y and N

can be either smaller or greater than one, depending upon the wave
frequency. Hence, it is possible for Z-mode waves to resonate with
particles moving in both directions along the magnetic field. It is
also possible for certain frequencies and wave normal angles that a
portion of the resonance ellipse will not correspond to resonance, and

thus care must be taken when growth rates are calculated. Since in the
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present work, only generation of Z-mode waves below the electron
gyrofrequency is considered, the study of the resonance ellipse is
limited to the case whem Y > 1. In Figure 8, four resonance ellipses

for the Z-mode corresponding to Y = 1.01, X = 0.1, and four different

wave normal angles are shown. It can be seen that when 8 = 80° and

It

Ny < 1, the resonance ellipse is nearly circular (i.e., & = Y} and
the entire circle corresponds to resonance. For 6 = 50°, N, is larger
than one. Therefore, a portion of the ellipse (broken line) does not
correspond to resonance. As 8 gets smaller, N, gets larger, the
ellipse becomes more eccentric and a larger portion of it does not
correspond to resonance.

In Chapter VI, it is shown that resonance with auroral electrons
with free energy will be possible, when 8 ~ 90° and Y is slightly

greater than one. In this case the resonance ellipse is nearly cir-

cular and its center is near the origin.
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III. GROWTH RATES OF AKR

A. An Overview

As was mentioned in the intruductinn; among the many theories
proposed for the generation of AKR, the one suggested by Wu and Lee
[1979] has been most consistent with the particle and wave observations
in the auroral region. In this theory it is suggested that the free
energy of the mirrored inverted-V electrons in the loss cone is used to
amplify right-hand extraordinary waves via the cyclotron maser
instability. Sinee the inverted-V electrons have typical energies of
about 1-5 keV, from the discussions in Section IIL.A it is eclear that
in order for waves to resonate with these electrons the fpffg ratio
must be much less than one. Calvert [1981], has reported a low density
plasma cavity in the aurcral region extending from the geocentrie
distance of about 1.5 Rg all the way up to 3.5 Rg. In this plasma
cavity the fp!fg ratio drops to values between 0.03 to 0.2. The pre-
sence of the auroral plasma cavity and loss cones in the auroral elec—
tron distribution functions combined with the fact that the most
intense and dominant component of AKR is in the R-X mode, have made the
cyclotron maser instability an attractive mechanism for the generation
of AKR. In this chapter the growth and damping rates of both the up-

going and the downgolng AKR are presented.
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B. Sources of Free Energy in the Auroral Electron

Distribution Functions

Before looking at the growth rates, it is helpful to summarize the
separate sources of free energy that are commonly found in the electron
distribution functions obtained by the 53-3 satellite in the auroral
region. A full discussion of these distributions can be found in
Mizera and Fennell [1977], and Croley et al. [1978]. The first of
these features is a loss cone region in the upward side of the distri-
bution (Figure 9a) first suggested by Wu and Lee [1979] as the source
of free energy in the generation of AKR., The second source of free
energy is a "hole-like" feature on the downward side of the distribu-
tion. Compared to the loss cone region, the "hole"” is limited to
smaller pitch angles and also confined to lower energy electrons. This
region of the electron distribution has been pointed out by Dusenbery
and Lyons [1982] as a possible source of free energy for the generation
of the kilometric radiation. Also in a detailed study using model dis-
tributions, LeQueau et al. [1983] have suggested that this source of
free energy is more favorable to the amplification of AKR than the loss
cone region. The third region associated with a source of free energy
is a "bump” in the trapped region of the distribution with its peak
near perpendicular pitch angles and energy between 0.5 to ! keV. The
presence of this bump causes the distribution funection to have positive
perpendicular slopes (%%IJ at pitech angles near 90° and in a -sense acts
to bridge all three regions of free energy into almost a single contin-

vous region of positive (%%I} at lower energles. Figure 9b which shows
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the region of positive G%%I} in a distribution function measured on day
237 of 1976 (Figure 9a), demonstrates that at low velocities perpendie-
ular gradients are positive for almost all pitch angles, and as one

goes to higher energies, positive f%%:} is limited to pitch angles away

from 90°.

C. Method of Growth Rate Calculations

In order to calculate growth ratés of AKR and Z-mode radiation, we
use the electron distribution function measured by the S3-3 satellite
in the auroral zone on day 237 of 1976, The growth rate expression is
given by Equation (A5) in the Appendix. It is clear from the delta
functions in Equations (A4 and A9) that the growth rate is determined
by integration along the resonance ellipse in velocity space. In order
to carry out this integrationm, ﬁ%%]} and (%%I} must be known along the
resonance ellipse. Using the electron distribution function shown in
Figure 9, (%%ﬁ} and G%%IJ were numerically calculated and integrated
along the ellipse. To verify the accuracy of the integration routine,
the growth rate (wj) was checked using a test analytic distribution
function and the error in wj was found in all cases to be less than
20%. The integration errors are a combination of approximation,
interpolation and truncation errors which are involved in the numerical

procedure.
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D. Growth Rate Calculations

Since in the case of AKR (and n = 1) Y is always less than one, it
is clear that waves travelling in the upward direction can only
resonate with the electrons in the loss cone, and the downgoing waves
can only resonate with the electrons in the "hole” regiom. In Figure
10, the growth rates of both the upgoing and the downgoing AKR are
shown for f,. = 0,05 EE which corresponds to a cold electron density
slightly larger than the warm electron density, and a wave normal angle
of 80°. As can be seen in Figure 10a, for waves travelling upward, two
regions of growth and one region of damping exist. In order to under-
stand Figure l0a, the three resonance ellipses A, B, and C shown in
Figure 11, corresponding to values of Y equal to 0.997, 0.995, and
0.990, respectively, were superimposed on the electron distribution
function. Figures 10a and 1l clearly illustrate that when the reso-
nance ellipse lies in the loss cone region, large growth rates are
obtained and when the resonance ellipse lies out of the loss cone,
negative growth rates are attained. Having seen the effect of the
location of the resonance ellipse on wj, we can now explain why two
regions of growth and one region of damping exist in Figure l0a.

As indicated before, very close to f = fp_g in Figure 10a the
resonance ellipse is almost a point and therefore w; = 0. As ¥
decreases [ﬁm.(mg increases) Vg and Vg get larger (see Figure 3). In
other words, the resonance ellipse begins to grow and its center moves
away from the origin as ﬁmeg decreases. Resonance ellipses corre-

sponding to the first growth region lie either completely or partially
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in the loss cone and the contribution of positive 3F/3v, in the growth
rate integral is greater than the contribution of negative 3F/3v and
therefore wi is positive. Values of Y which fall in the damping region
have corresponding resonance ellipses that lie partially or completely
gut of the loss cone region and the contribution from negative aF/av |
is greater than the positive 3F/ v, contribution, therefore, wj is
negative. As Y increases beyond the damping region, V¢ continues to
grow, however, Vg begins to shrink with the effect that resonance
ellipses corresponding to the second growth region fall partially or
completely in the loss cone region and consequently wy is positive
again. As the frequency increases further the radius of the resonance
circle shrinks to zero at the D=0 boundary and and wy = 0 above this
frequency. MNote that although typically three regions of growth and
damping exist in the growth rate plots, there are special cases where
this is not true. For example, in Figure 12a we see that there is only
one region of growth in the whole frequency range for which resonance
is possible. This is due to the fact that the resonance ellipses
corresponding to this frequency range all lie in the loss-cone regiom.
In fact, if the wave normal angle and plasma parameters are such that
the resonance ellipses lie entirely within the loss-cone region, then
the damping region will not exist and the growth rate plot will consist
of only one growth region. It is clear from Figure 3 that in order for
the resonance ellipses to stay in the loss cone, the wave normal angle

must be at or near the maximum wave normal angle allowed by the
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resonance condition. Thus, for growths like that of Figure 12a, it is
necessary but not sufficient to have large wave normal angles.

In Figure 10b, wj for the downgoing AKR is shown. In contrast to
waves travelling upward, only two bands occur, a narrow growth band and
a much wider damping region. This can be explained by noting that for
the downgoing AKR, only the resonance ellipses corresponding to
frequencies near fp_pg fall in the "hole"” region, and therefore only a
narrow band of frequencies above fp= can be amplified (see Figure 11},
As was mentioned earlier, Dusenbery and Lyons [1982] pointed out the
possibility that the "hole" region in the downgoing side of the
distribution may be a source of free energy for AKR. LeQueau et al.
|1983) in a detailed analytical study and by using model electron
distribution functions have argued that this region of the distribution
function is the main source of free energy and that AKR is mostly
amplified when it is propagating towards the Earth. The growth and
damping rates shown in Figures 10b and 12b, however, seem to indicate
that since the free energy region associated with the downgoing
gelectrons is confined te smaller pitch angles and velocities, it is
unlikely that this region alone can be responsible for the generation
of AKR, especially since the growth rates for the downward waves are
comparable to or smaller than those for the upward waves. Another
argument which tends te show that it is unlikely for the "hole" region
to be the primary source of free energy in the generation of AKR is
that since the growth band is very narrow and just above the cutoff

frequency, downgoing waves remain in the amplification region for only
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a very short time before they go through a reflection, even though the
group velocity in this regime is very small. In addicion, waves will
not be able to maintain a large wave normal angle (which is necessary
to insure resonance with electrons in the "hole") throughout their
propagation in the growth region. Therefore, in the cyclotron maser
theory of AKR, the loss cone region of the electron distribution seems
to play a more crucial role.

In Figure 13, the growth and damping rates of the upgoing AKR as a
function of frequency and four different wave normal angles are shown.
it is clear that substantial growth rates can only be obtained when 8 ~
80°, and that when B8 € 70° all waves are damped. The reason is that
that as 6 gets smaller most of the electrons resonating with the waves
lie oputside the loss cone region where L%%IJ is mostly negative (see
Section II.B). Thus, it is evident that with such growth rates, the
only way that waves can be substantially amplified is if the ray paths
are such that 6 remains close to 80° for a considerable length of time.
To see if this is indeed the case or not, it is necessary to perform a

ray tracing study and calculate the path integrated growth of AKR.
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IVv. RAY TRACING

In this chapter Poeverlein's graphic method of ray tracing is
briefly discussed, and the results of the three—dimensional ray
tracings for the auroral kilometric radiation are presented.

In Poeverlein's graphic method of ray tracing it is assumed that
waves propagate in a plane stratified medium. This method utilizes the
fact that although the wave vector k changes along the ray path, the
components of k in the stratified plane remain constant throughout the
propagation.

In this study, it is assumed that the stratified plane (f, f}
shown in Figure l4a, is perpendicular to the gradient of the magnetic
field (VB). This assumption can be justified by noting that since in
the auroral region the fp.-l’fg ratio is very small [fpffg < .1}, any
small variation of the electron density can be ignored and it is mainly
the geomagnetic field (determined by a dipole model) that controls the
refraction of the waves. In Figure lé&a, (i, §, k) forms a Cartesian
coordinate system in which k is along the magnetic pole and (f, j} lie
in the magnetic equator. The origin of the (%X, ¥, z) system is the
launching point for all the rays and in this study it is located at
radial distance of R = 13940 km, a magnetic latitude of A = 70° and a
magnetic longitude of L = 0°. Note that the (v, z) plane lies on the

(k, ) plane which defines a magnetic meridian.
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Since the refraction of waves i1s assumed to be controlled by the
Earth's dipolar magnetic field, the model for the electron density used
in the present study is a simple one. The Epffg ratio is kept constant
at 0,05 throughout the region where the ray tracing is performed. This
model is consistent with the fact that the gradients in the electron
density have a negligible effect on the ray path when fp.-"fE ratio is
small. It should, however, be mentioned that this simple model ignores
the density enhancements within the auroral plasma cavity reported by
Benson and Calvert [1979]. Consideration of these density enhancements
which may result in partial reflection of the waves has led Calvert
[1982] to a feedback model for the source of AKR.

As mentioned earlier, the origin of the {ﬁ, f. E} system is the
launching point for all rays. Once the wave frequency and the direc-

-
tion of k are chosen, the components of N = E? along the % axis (Nyqo)
and the § axis fﬂyu) are computed. These two components of ﬁ remain
unchanged along the ray path. As the ray is stepped forward along the
group velocity direction ;# (which is perpendicular to the index of
refraction surface) a new value for the index of refraction is
computed. By constructing a new coordinate system {ﬁ', f', 2*}
parallel to (x, ¥, z) and its origin located at the new position of the
ray, the values of the wave normal angle 6 and the azimuthal angle 4§
(see Figure 14b) are determined such that the components of N in the x'
and y' direction are Myo and Nyos respectively. Note that although

at the launching point, # is in the (§, E] plane, at subsequent points
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along the ray path the local B will not lie in the (y', z') plane
unless initial ¢ = 0, and ray propagates in the meridian plane.

Before looking at the specific ray paths that were computed in
this study, it is helpful to review the general results of these ray
tracings which are summarized in Figure 15. This figure shows the ray
paths for four waves with different frequenciles and initial K direc—
tion, all starting from the same point. Rays (a) and (b) lie in the
front meridian plane (i.e., initially ¢ = O and k has no longitudinal
component). Ray (a) which has a frequency near the cutoff frequency
is considerably refracted, whereas ray (b) which has a frequency much
above the cutoff frequency suffers much less refraction. This is
easily explained by noting that initially, the index of refraction N
for ray (a) is very small (due to the fact that f is near fr=p) and
therefore the components of N in the stratified plane are very small.
As ray (a) propagates, N gets larger and in order for the components of
N in the stratified plane to remain constant, the wave normal angle g
has to decrease (note that B is nearly perpendicular to the stratified
plane, i.e., £ in Figure 14b is small). Ray (b) on the other hand has
N ~ 1 and its index of refraction does not change appreciably as it
propagates, and therefore does not suffer as much refraction. Rays (c)
and (d) whose initial k does not lie in the front meridian plane
(initial & = 90°) propagate in three dimensions from the front towards
the back meridian plane. Again ray (c) with a frequency near the R-X
cutoff Frequency refracts substantially, whereas ray (d) with its fre-

quency much above the cutoff frequency travels longitudinally without
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too much refraction. As can be seen Iin Figure 15, rays (a) and (b)
which initially have ¢ = 0 propagate only in the radial and latitudinal
directions, whereas rays (c) and (d) propagate mostly in the longitudi-
nal and radial directions. Thus, as the inlitial $ increases, the rays
travel more in the longitudinal direction and less in the latitudinal
direetion.

Having seen the general behavior of the B-X mode waves in the AKR
source region, we now focus on six specific waves whose frequency and
initial k direction are shown in Table 1. The ray paths of these
waves are representative of the different types of ray paths that are
observed., In Figure 16 the variations of the wave normal angle € as a
function of path length are shown. The total path length for each ray
shown in this figure is 100 km. From Figure 16 one can draw the
following conclusions. Rays #1 and #2 whose frequencies are near the
cutoff frequency fp-g, suffer substantial refraction, whereas rays #3
through #6 whose frequencies are well above fp—g, do not suffer as much
refraction. It is also evident that much of the refraction occurs in
the first twenty kilometers of the ray path. As will be seen later,
this effect plays a crucial role in preventing waves from getting
amplified. Another point to notice in Figure 16 is that two rays with
the same frequency but different initial azimuthal directions ¢ are
refracted differently, with the wave propagating in the meridian plane
suffering more refraction. The reason is that for a ray travelling in
the meridian plane the magnitude of B changes more rapldly than for a

ray propagating in the longitudinal direction. However, this
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difference in refraction is not substantial, and as will be shown
latter it does not lead to markedly different path integrated growths.

In Figure 17 the variations of the magnetic longitude and latitude
of each of the six rays for a path length of 400 km are shown. The
starting point for all the rays has a latitude of 70° and a longitude
of 0°. The fact that rays #2 and #4 are propagating in the meridian
plane is obvious. Note that since ray #2 undergoes more refraction
than ray #4, it does not extend to as low a latitude as ray #4., In
other words, ray #2 refracts upward much more than ray #4. It is evi-
dent in Figure 17, that rays #5, #3, and #1 with their initial ¢ = 90°,
travel mostly in the longitudinal direction with ray #1 propagating a
bit more in the latitudinal direction due to more refraction. Finally,
ray #6 whose initial azimuthal angle is ¢ = 20°, travels both in the
longitudinal as well as the latitudinal directionms.

Having seen the general behavior of the waves in the auroral
region, we now proceed to evaluate the growth of these waves by the

cyclotron maser mechanism.
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V. PATH INTEGRATED GROWTH OF AKR

4. The Path Integrated Growths Obtained From the

53-3 Distribution Function

A5 was mentioned earlier, although the electron distribution
functions measured in the auroral region are unstable, with positive
growth rates for waves in certain frequency ranges, this is not
sufficient to insure that these waves will grow to sufficiently large
amplitudes along the ray paths. In order to see whether refraction of

waves can hamper their growth, we calculate the growth factor of the

waves (G) defined as:

L h&(ﬂ'l |
G = explg] = EXP[J T ) di ] {11)
E

where wj(%') and vgil'} are the imaginary part of the frequency and the
group velocity as a function of distance, respectively, and L is the

path length. The group velocity Vg is given by:

_ By 2 1 Aw, 24172
VE = [{ak +‘k—2[aa] ] (12)
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where {%E} and {%%J are found by using the dispersion relation obtained
in the cold plasma approximation. The value of vg is zero when

f = fp=g and rapidly approaches the speed of light as Af = (f - fp=q)
increases (see Dusenbery and Lyons [1982]).

Intensity measurements of AKR indicate that the growth of the
cosmic noise background electric field by a factor of G = ell is suffi-
cient to account for the observed intensities of the kilometric radi-
ation, i.e., g ~ 10 gives the required amplification [Brown, 1973]. 1In
Figure 18, a plot of g vs. L for the six different rays discussed in
the last chapter are shown. In order to calculate g, it has been
assumed that electron distribution funetions similar to that shown in
Figure 9, exist along the ray path, Figure 18 clearly illustrates that
rays #1 and #2 with £ near the cutoff, suffer heavy damping due to the
rapid refraction that they undergo. In other words, although these
rays start with 8 sufficiently near 90° for large growth rates they
cannot maintain these wave normal angles long enough to be amplified.
Note also that, although ray #1 propagates in the longitudinal direc-
tion, its damping is similar to that of ray #2 which propagates in the
meridian plane.

4s can be seen in Figure 18, rays #3 and #4 which suffer much less
refraction are initially amplified but are later absorbed. The maximum
g for these rays is less than 0.5 and, therefore, the initial growths
are not anywhere close to that required to account for the intensities

of AKR. Similarly, rays #5 and #6 are initially amplified and suffer
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subsequent damping. These rays, however, are amplified less and
propagate a larger distance before getting damped. A comparison of g
between rays #3 and #4 or #5 and #6 demonstrates that rays propagating
in the longitudinal direction travel larger distances before getting
absorbed. This is the result of the fact that for a given frequency,
waves propagating in the longitudinal direction suffer less refraction.
Judging from the results shown in Figure 18, it seems certain that
with electron distributien functions like those measured by the 53-3
satellite, the cyclotron maser mechanism cannot account for the genera-
tion of AKR., Thus, if the cyelotron maser instability is to remain a
viable mechanism for the generation of AKR it is necessary for the
electron distribution in the loss cone to have steeper slopes (%%I}
than those measured by 53-3 satellite. Since wave particle inter-
actions tend to £ill in the loss cone via pitch angle scattering, thus
reducing the velocity space gradients, it is possible that electron
distribution Functions with steeper slopes do in fact exist. However,
due to the limitations imposed by the angular (fields of view are 7° «x
10° FWHM) and temporal (20 sec for a complete angular distribution)
resolution of the 53-3 particle instrumentation, it is not possible
that the existence of such distributions can be experimentally con-
firmed with existing data. In the remainder of this chapter, an
attempt is made to find the minimum velocity space gradients in the
loss cone that are required to amplify the cosmic nolise background to

the observed intensities of AKR.
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B. Modeling of the Electron Distribution Functions With

Steeper Slopes In The Loss Cone

To construct electron distribution functions with steeper slopes
(%%—J in the loss cone than those measured by the 53-3 satellite, we
cnn:ider the following physical arguments. Generally speaking, the
electrons in the loss cone can be broken into three separate popula-
tions, one population consisting of the electrons that were pitch angle
scattered into the loss cone via the wave particle interactions; the
second population being composed of the backscattered electrons; and
finally, the third population consisting of the electrons of iono-
spheric origin. The electron distribution function shown in Figure 9
was measured in the auroral region and at the radial distance of about
2.2 Rg where an electrostatic potential drop of about 1 kV with respect
to the top of the ionosphere is believed to exist [Croley et al.,
1978]. Since most of the ionospheric electrons have energies less than
1 keV, then one can assume that these electrons will not be able to
reach the $3-3 satellite, As for the backscattered electrons, a
detailed study of the collisions of the downgoing electrons with the
particles in the ionosphere is required to determine their energy spec-
trum. Sinece such a study is beyond the scope of this paper, we simply
assume that the backscattered electrons at the height of the 53-3
satellite have energies of a few hundred eVs and less so that they do
not resonate with waves. Based on this assumption all the high energy
electrons in the loss cone are due to pitech angle scattering, and

therefore the electron distribution function prior to wave particle
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interactions must have had an empty loss cone. Note, however, that
gven if the loss cone is empty, some limitations on the steepness of
the slopes at the edges of the loss cone still exist. These limita-
tions may be understood in the following way. At high altitudes the
electrons are collisionless, however, as they approach the ionosphere
they reach a point on the field line (M)) where collisions become
important. This point can be taken to be the mirroring point for the
electrons and defines the loss cone angle @). It is obvious, however,
that not all the electrons passing this point will immediately suffer a
collision, and therefore some of these electrons will mirror back
before suffering a collision. We now define a second point My on the
same field line and below M; such that all the electrons passing M
will either be mirrored back or scattered and lost before reaching M3,
i.e., the distance between M) and My is on the order of an electron
mean free path. We dencte this distance by aM. Point My defines a
loss cone angle op below which no particles exist in the loss cone.
Since some electrons passing the point M; are scattered while others
are mirrored before reaching My, one can see that the electron distri-
bution in the loss cone drops gradually as one goes from o) to op.
This scattering process can be used to put a limitation on the steep-
ness of the slopes at the edge of the loss cone. Clearly as M| and M
approach each other then {%%I? becomes infinite and as the distance
between M] and My increases the gradients become less steep.

Chiu and Schultz [1978] used conservation of energy and the first

adiabatie invariant to show that in the presence of parallel electrie
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fields, the loss cone boundary is defined by a hyperbola (see Figure

19} given by:
Ve = [E=1]v2+—2-—5(‘.? -Vv) =0 (13)
m 2

where By and B are the magnetic field at mirror point and the observa-
tion point; Vg and V are the electric potential at the mirror and the
observation points, respectively; m is the electron mass, and e is its
charge. Since B is measured by the 53-3 satellite, one need only know
By and AV = (vy; = V) to determine the loss cone boundary given by
Equation 13. As was mentioned earlier, typically AV = 1 kV. Location
of M; on the other hand is not exactly known and it can vary between
100 to 300 km above the Earth's surface. MNote, however, that since By
does not change appreciably within this height interval, the loss cone
boundary corresponding to M; can be adequately determined by assuming
M] to be at an altitude of 300 km. This boundary is shown in Figure
19,

In order to construct an electron distribution function F(v,a)
(where v is electron velocity) with steeper slopes in the loss cone
than those in the S3-3 distribution function, point My is chosen and
the loss cone boundary corresponding to this point is determined. It
is then assumed that F(v,a) is zero on and bélow the loss cone boundary
of My and that it rises linearly with v and a to the values of the 53-3

distribution on the loss cone boundary of Mj. F{(v,a) outside the loss
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cone is the same as the 53-3 distribution function. The assumption
that F{v,a) rises linearly with v and o between the two loss cone
boundaries can be justified by noting that these two boundaries are
extremely close to each other and, thus, in an expansion of F(v,a)
between these two boundaries the second and higher order terms can be

ignored.

C. The Path Intégrated Growths Obtained From the

Modified Distribution Functions

The main objective of this section is to find the minimum slopes
in the loss cone that are necessary to allow sufficient amplification
of the kilometric radiation. To do this AM has been varied between 3
and 100 kilometers. As will be demonstrated shortly, the minimum
required slopes are obtained when AM ~ 70 km, which based on the
following argument may be a reasonable value. As was mentioned
earlier, AM is on the order of an electron mean free path (L). Note
that since MM denotes distance aleong the field line, setting &M ~ 2
means that in order for electrons with nonzero pitch angle to reach Mz,
they must travel distances that are larger than a mean free path.

Since % varies with altitude, then AM also varies with height. In
Figure 20, two plots of % vs. altitude are shown. The electron mean
free path was computed by using ionization cross sections of (3, Ny and
0 given by Equation 5 in Banks et al. [1974] at an electron energy of 5
keV. The atmuspherié neutral densities were obtained from COSPAR

International Reference Atmosphere, 1972. In panel (a) of Figure 20,



37

the "maximal" model of the atmosphere was used to determine the neutral
densities as a function height, whereas in panel (b) the "minimal”
model was utilized. It is elear from Figure 20 that depending upon the
position of Mj, the value of AM can vary from a few meters up to
hundreds of kilometers.

Having obtained rough estimates of &M, we now proceed with the
growth rate calculations. In Figure 21, the growth rates of AKR
resulting from a distribution function with &M = 3 km are shown (run
#2). The difference between these growth rates and those shown in
Figure 13 is striking. As can be seen, large growth rates are obtained
even when 8 < 70°. The reason is that, although for 8 ¢ 70°, most of

aF
the resonating electrons are outside the loss cone region where {E;*}
1

is negative, the large and positive {%%—} at the edge of the loss cone
can easlly overcome these negative cuntiibutiuns. and result in an
overall growth for the waves. Note that wy = 0 when Che resonance
ellipse falls below the loss cone boundary corresponding to point Mp,
because there are no electrons below this boundary. Hote also that the
two loss cone boundaries corresponding to My and My are so close that
they could not be resolved in Figure 19, and that at a given velocity
the difference in the loss cone angles Aa = o] —ap is on the order of
1072 degrees.

The path integrated growths of rays #1 through #6 for the case

of M = 3 km (run #2) are shown in Figure 22, It can be seen that rays

#1 and #2 whose group velocity is much less than the speed of light are
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greatly amplified within a very short distance (L ~ 5 km). On the
other hand, rays #3 through #6 with vg closer to the speed of light
take a longer distance for a similar amplification. At any rate, it

is obvious that all six rays are suffieciently amplified (g ~ 10) within
2 — 20 km, and thus the electron distribution function modeled by tak-
ing &M = 3 km is easily capable of generating AKR.

Similar calculations with My at different altitudes have shown
that the distribution function with the minimum required slopes is
obtained when &M = 70 km (run #3). The growth rates for this case are
shown in Figures 23 and 24 for 8 varying from 80° down to 35°. Note
that in this case both growth and damping can occur, depending upon the
wave frequency. In Section (IIL.D) a qualitative picture was given as
to why two regions of growth and one region of damping are obtained
(see Figure 13a), when the 53-3 distribution function is used to
calculate wg. In the case of the growth rates shown in Figures 23 and
24, however, a similar argument does not apply because of the absence
of any electrons below the loss cone boundary of M;. While in this
case a qualitative picture for the behavior of the growth rates does
not exist, close examination of the growth rate calculations indicate
that the presence of trapped electrons in the distribution function
plays an important role in the overall growth rates of the waves.

In other words, while E%E—} is large and positive at the edge of the
loss cone, it is not larg: enough to always overcome the negative (ggi)

putside the loss cone, and thus whether the resonance ellipse for a

particular frequency falls in the regions of positive or negative (%%*J
1
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in the trapped part of the distribution function, can affect the out-
come of the growth rate calculationms for that frequency.

Note that again the loss cone boundary corresponding to My lies
very close to that of M; and that at a given velocity Aa ~ 1071
degrees. The path integrated growths of rays #1 through #6 correspond-
ing to run #3 are shown in Figure 25. In this case rays #1 and #2 can
be sufficiently amplified (g ~ 10) within 70 km, but on the other hand
rays #3 and #4 are initially amplified and suffer subsequent damping.
The reason for this difference can be seen by noting that for large Y
(Y > .99) growth can only be obtained when & ~ 80° or 8 £ 60°. Since
rays #1 and #2 suffer extensive refraction their wave normal angles
soon become less than 60° and can therefore be amplified. The fact
that these rays have group velocities much less rhan ¢ also helps to
reduce the path lengths required to obtain sufficient amplification.
Rays #3 and #4 on the other hand do not suffer much refraction and
therefore their wave normal angle will not go below 60°. These rays
are therefore initially amplified (when & ~ 80°) but as they propagate
they begin to damp. Rays #5 and #6 suffer even less refraction than
rays #3 and #4. Therefore, it takes a longer distance before they
begin to damp. It is clear from Figures 23 and 24 that rays with
Y < .99 and initial 85 ~ 75° (not traced in this study) may also be
amplified, however, since the group velocities of these waves would be
close to the speed of light, the path lengths required for sufficient

amplification would be on the order of 1000 km which is much too long.
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VI. GENERATION OF Z-MODE RADIATION

A. Observations of the Z-Mode in the Auroral Zone

Broadband Z-mode emissions have been observed by the DE-1 space-
craft in the low density region over the auroral zone and polar cap
[Gurnett et al., 1983]. The DE-1 measurements indicate that Z-mode
radiation is usually most intense right below the gyrofrequency and the
intensity falls at lower frequencies. In Figure 26 from Omidi et al.
[1984] an electric field intensity spectrum is shown where the gyro-
frequency is obtained from the magnetic field measured at the space-
craft [data provided by M. Sigura, 1983]. It is clear that the upper
cutoff of the Z-mode radiation is below the electron gyrofrequency and
no emission is observed between the gyrofrequency and the upper hybrid
frequency. Although the Z-mode radiation in a cold plasma has a cutoff
at fr=g = ~fg/2 + ((fgfz}ﬂ + £,2)1/2, the DE-1 observations have shown
that very rarely does the Z-mode radiation extend from fg all the way
down to fy=g. Furthermore, spin modulation investigations have indi-
cated that the radiation propagates nearly perpendicular to the mag-
netic field., Assuming a horizontally stratified medium and a vertical
magnetic field, Gurnett et al, [1983] have shown that these observed
characteristiecs of the Z-mode radiation can he due to propagation
effects if the wave frequency in the source region is below the elec-—

tron gyrofrequency. For example, an upward propagating wave generated
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between f; and fg will travel with relatively little refraction until
it approaches altitudes where f ~ fE and then it will start to bend
horizontally and begin to propagate nearly perpendicular to the mag-
netic field and asymptotically approaching an altitude where f = fg.

As far as the possible source of the Z-mode radiation is con-
cerned, there has been no direct evidence from DE-1 observations indi-
cating an exact source region [Gurnett et al., 1983]. However, some-
times as the spacecraft approaches the auroral zone, the intensity of
the radiation increases. In addition, observations of the auroral hiss
and Z-mode radiation have shown that the intensity variations of these
emissions are very similar. This has led Gurnett et al. [1983] to con-—
clude that the Z-mode radiation is most likely generated in the same
general region as the auroral hiss, however, there is no hard evidence

to confirm this hypothesis.

B. Generation Theories

As was pointed out in the introduction, until recently all
theories of the Z-mode radiation have suggested that this radiation is
produced by auroral electron beams at frequencies between fE and fyyg-
Recently Omidi et al. [1984] and Hewitt et al. [1983] have proposed the
cyclotron maser instability as a generation mechanism for the Z-mode
radiation. In Omidi et al. [1984], it is suggested that Z-mode waves
are generated at frequencies near and below the electron gyrofrequency
by resonance with electrons moving in both directions along the mag-

netic field. Hewitt et al. [1983] on the other hand have suggested
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that Z-mode is generated at frequencies between fE and fyygp, by reso—
nance with the upgoing electro;s in the loss cone.

This, however, is inconsistent with the DE-1 observations which
indicate that no Z-mode emissions are present at frequencies between fg
and fyyp. Moreover, if waves are generated at frequencies near fUHRS
the presence of horizontal density gradients are necessary to insure
the propagation of these waves into regions where f < fg. In the
remainder of this chapter the generation mechanism proposed by Omidi et
al, [1984] will be reviewed, and it will be demonstrated that this
mechanism is in better agreement with the DE-1 observations.

As was mentioned earlier, the source region of the Z-mode radi-
ation has not been exactly located, however, observations seem to indi-
cate that this emission is most likely generated in the same general
region as the auroral hiss. In this study, it is hypothesized that the
Z-mode emissions are produced by the inverted-V electrons in the auro-
ral zone. Since this radiation is usually observed by DE-l at frequen-—
cies around and below 60 kHz, cyclotron resonance instability would
indicate source regions at the radial distances of about 3 Rg and
higher. It has been shown by Croley et al. [1978] that the parallel
electric fields in the auroral regions extend to altitudes which are
considerably higher than the $3-3 altitudes (R ~ 2.2 Rg). Since
features like the "bump"” (trapped electrons) and the "hole"” in the
electron distribution used in the present calculations (R ~ 2.2 Rg) are
attributed to the existence of parallel electric fields, it is

expected that the electron distributions at higher altitudes where the
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Z-mode observed by DE-1 is believed to be generated also display these

features.

C. Growth Rates of Z-Mode Radiatiom

From Equations (2a,b,c) it is evident that when 6 = 90° the reso-
nance ellipse becomes a circle with its center at the origin, and Equa-
tion (2c) shows that as Y increases the radius of this circle increases
(Figure 27). In general, for 6 near 90" the center of the ellipse is
near the origin and its eccentricity is nearly zero. Therefore, when
the wave frequency f is slightly below the gyrofrequency (i.e., Y is
slightly greater than one) and 6 is near 90°, the relativistic reso-
nance condition allows waves to resonate with electrons in all three
sources of free energy (in the auroral zone) mentioned in Section
(II1.B), and one would expect these waves to be amplified. Results of
the growth rate calculations shown in Figure 28 clearly agree with the
aforementioned hypothesis and indicate that for a band of frequencies
just below the gyrofrequency, relatively large growth rates are
obtained. Figure 27 shows three resonance circles superimposed on the
electron distribution that clearly demonstrate wave amplification when
the circle simultaneously passes through the loss cone, the "hole" and
the "bump" region. Waves that resonate with electrons outside of these
regions are damped. Specifically circle "C" which lies outside of the
"bump” and “"hole" region gives rise to damping even though part of the
circle is still within the loss cone region. In Figure 28 the growth

rates corresponding to two different wvalues of X are shown which
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indicate that as X increases the growth rates decrease. HNote that at a
given frequency this decrease is not due to a change in the resonance
circle (for 8§ = 90° the radius is only a function of Y} but instead it
is caused by the faect that as X increases the denominator in Equation
(AS5), u%aﬂe{ﬁ}, increases and thus wj decreases. Therefore, the
generation of the Z-mode radiation requires a very low density regiom.

In Figure 29 the growth rates of both the upgoing and downgoing
Z-mode waves with 8 = 85° are shown. This figure demonstrates that
except for small growths at frequencies just below the gyrofrequency
all waves are damped. The reason for this damping can be explained by
noting that the resonance ellipses shown in Figure 30 are mostly in the
regions where E;I < 0. MNote that these ellipses correspond to waves
travelling downward. Thus, we see that as 6§ decreases the center of
the resonance ellipse moves away from the origin and its radius
increases. Therefore, waves are not able to resonate with enough elec-
trons with free energy to get amplified. As was mentioned earlier, it
is possible that electron distribution functions with steeper slopes
{%;I} than those used in the present calculations exist. If this is
true, the actual growth rates can be larger, and it is possible that
waves with 6 = 85° and less can also be amplified.

We now wish to calculate the distances that waves have to travel
in the source region before they reach the observed intensity levels.
To do this it is necessary to know the group veleocity vg for 6 = 90°.

The index of refraction for both the fast and the slow extraordinary

mode is given by
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N -1-3 (14)
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C

[Ratcliffe, 1959]. Setting N2 = in Equation (14) and taking the

11}
derivative with & = 90° yields the following expression for the

group velocity

duw - He
E ak 2
§ = 90° 1+ &Y . (16)
(] seiggee PRy &

Equation (16) indicates that for Y ~ 1 and small X the group velocity
is much less than the speed of light ¢, for example, Vg ~ ,03 e, when
Y ~1and X ~ .02. As X increases Vg also increases so that in order
to minimize the required path lengths it is necessary to limit X to

small values, especially since wj increases as X decreases. Note that

veg = ¢ when X = 0, as one would expect.
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It has been shown by Gurnett et al. [1983] that for upgoing waves
with frequencies near and slightly below the gyrofrequency the waves
undergo little or no refraction. Thus, the waves can travel large
distances in the horizontal direetion. To calculage path lengths
corresponding to the growth rates in Figure 28 we assume that 6 = 90°
throughout the source region. Rough estimates indicate that amplifica-
tion of the background noise electric field by ell is large enough to
account For the maximum intensities of the Z-mode radiation observed by
DE-1. For these estimates the background noise has been taken to be
black body radiation at a temperature of 3000°K, which is a typical
ionospheric temperature. Using the growth rates in Figure 28 and the
group velocities obtained from Equation (16) we have calculated the
path lengths that correspond to growth of electric fields by ell,

These path lengths (L) are shown in Figure 31. The minimum distance is
L ~ 240 km, which is not unreasonable, since this distance is compa-
rable to the north-south extent of the auroral zone. Note that path
lengths larger than 2000 km are not shown. It is clear from Figure 31
that as X increases so does L. This is because at higher densities
growth rates are smaller and the group velocity is larger.

The above caleulations show that waves within a narrow frequency
band below the gyrofrequency grow to large amplitudes within reasonable
distances. Clearly, if electron distributions with larger {;g:] do in
fact exist, then this band can be wider, and even for larger values of

X (e.g., X = .05), reasonable path lengths could be obtained. Thus,

it is evident that the cyclotron maser instability is capable of
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explaining why the Z-mode radiation is observed below the gyrofrequency
and not between fg and fyyg. The assumption that waves with 8 ~ 90°
and f ¢ f; propagate horizontally with little or no refraction is
consistent with ohservations and allows this mechanism to amplify waves
effectively. The presence of Z-mode radiation at frequencies well
below the gyrofrequency could also be explained by the fact that the
downgolng waves with wave normal angles near 90° can continue to travel
both horizontally and downward for relatively large distances before
going through reflection. Therefore, at any spacecraft locationm it is
possible to observe waves that are generated at higher altitudes. A
more rigorous study using ray tracing techniques should be performed to
improve our knowledge of the ray paths and conceivably locate the
spource region.

Before concluding this chapter, it should be mentioned that occa-
sionally Z-mode radiation is observed near fy.p. Gurnett et al, [1983]
have called this trapped Z-mode radiation because it may be trapped in
a cavity formed by a local minimum in fp-g. In this paper we have not
considered the generation of these waves for which a different genera-
tion mechanism may be needed. This can be seen by noting that in order
for waves to resonate with electrons in the free energy regions of the
distribution, the wave frequeney must be near the loecal electron gyro-
frequency, which means fy=p ~ f5. From the definition of fy-g it is
clear that fj_g ~ £

when £, ~ V2 f,, therefore in the low density

g g’

regions where fP << fg waves with £ ~ f;_g can not resonate with the

low energy electrons in the free energy regions of the distribution.
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It is, however, conceivable that these waves are generated in some high

density regions through the cyclotron maser instability.



49

VII. SUMMARY AND CONCLUSIONS

A. Summary

By studying the relativistic cyclotron resonance condition, it was
shown that the essential features of this resonance condition are
determined by two parameters, Y and Njy. When Ny < | the resonance
condition defines an ellipse in velocity space and when N, > 1 only the
portion of the ellipse to the left of the line v = c¢/N; is acceptable.
It was also demonstrated that when ¥ > 1 the resonance ellipse
encircles the origin, for ¥ = 1 it goes through the origin and when
Y <1, it lies entirely in the region of positive parallel velocities.

In the case of resonance with the free space R=X mode at n = 1,
the dependence of the size and position of the resonance ellipse on the
wave frequency, gyrofrequency, plasma frequency and wave normal angle
has been explored. It was shown that for a given 8 and meuﬁ ratio
there exists a certain frequency range for which resonance is possible
and outside of which resonance does not occur. This frequency range is
constrained by the D=0 boundary, whose equation in (Vo/c, Aw/wg) space
is independent of wp. The plasma frequency to gyrofrequency ratio
‘determines the maximum wave normal angle allowed by the resonance con-
dition and it also determines the minimum energy of the resonating
electrons. As the mmeE ratio gets smaller, the maximum wave normal

angle allowed gets larger and the minimum energy of the resonating
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electrons becomes smaller. We have also demonstrated that for either N
or Cos@ approaching zero the nonrelativistic cyclotron resonance cannot
be approximated by the relativistic cyclotron resonance condition.
Because the relativistic cyclotron resonance predicts small velocities
for the resonating electrons only when Ny approaches 0, we conclude
that the nonrelativistic eyeclotron resonance should not be used for the
right-handed extraordinary mode waves.

Using the electron pitch angle distribution obtained by the S§3-3
satellite and including only the effects of cold electrons on the real
part of the dispersion relation we have calculated growth rates for
both the auroral kilometrie and Z-mode radiation. In the case of AKR
the resonance ellipse does not encircle the origin. Results of growth
rate calculations show that for upgoing waves and 8 ~ B0, two regions
of growth and one region of damping exist, One growth region occcurs
very close to the extraordinary mode cutoff and the second one occurs
at higher frequencies. It is also demonstrated that when 8 < 70° no
growth is obtained. Contrary te the upgoing waves, the downgoing waves
can only be amplified in a narrow frequency band just above fp=p, even
when 8 ~ B0°., This study seems to indicate that in the cyclotron maser
theory of AKR the dominant source of free energy is most likely to be
the loss cone region of the electron distribution.

A three dimensional ray tracing study for AKR indicated that waves
with frequencies near fp=g suffer substantial refraction whereas waves
with frequencies much above fp=(j undergo less refraction. It was also

shown that for a given frequency waves propagating in the meridian
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plane suffer more refraction than waves propagating in three dimen-
sions.

Using the results of the ray tracings and the 53-3 electron
distribution, the path integrated growths of six representative rays
were computed, It was demonstrated that none of these waves could be
substantially (g ~ 10) amplified. In order to find the minimum slopes
{%%I} at the edges of loss cone that are required to sufficiently
amplify waves, model electron distributions with larger Gg%z} were
constructed and path integrated growths were computed. These electron
distribution functions were constructed under the assumptions that,
one, the ionospheric electrons are not capable of reaching the 53-3
altitudes, and two, that the backscattered electrons have energies less
than a few hundred eVs so that they do not resonate with waves, The
results of growth rate calculations with the model electron distribu-
tion functions, showed that waves can be sufficiently amplified in
short distapce and that the cyclotron maser mechanism could be wviable
if electron distribution functions with steeper slopes exist in the
aurnrgl region.

Since the resonance ellipses corresponding to the Z-mode radiation
encircle the origin, it is possible for these waves to simultaneously
resonate with electrons in all three sources of free energy that are
commonly found in the measured distribution functions in the auroral
zone. Results of growth rate calculations for the Z-mode indicate that
substantial growth rates are obtained when f is slightly below fE and 8

~ 90°, Assuming horizontal propagation and no refraction, the path



lengths required to account for the observed intensities of the Z-mode
radiation were calculated and it was shown that for a narrow frequency
band near fE path lengths less than 400 km are obtained. These

calculations suggest that the Z-mode radiation may be accounted for by

the cyclotron maser theory.

B. Coneclusions

We have seen that the cyclotron maser mechanism can be responsible
for the generation of both auroral kilometric and Z-mode radiation. In
the case of the latter one, the study presented here 1s both encourag-
ing and preliminary. Clearly lack of detailed electron distribution
functions at altitudes higher than the S$3-3 altitudes makes it unclear
as to what extent the electron distributions at say 3 to 4 Rg resemble
those at lower altitudes (2.2 Rg). The answer to this gquestion can be
decisive as to whether the proposed mechanism can be a viable one at
higher altitudes or not. In the case of AKR, it has been demonstrated
that steep slopes at the edges of loss cone are required to make the
cyclotron maser mechanism a viable one. Although the assumptions made
about the backscattered and the ionospheric electrons may not be unrea-
sonable, one cannot be sure that electron distribution functions such
as those used in runs #2 and #3 do in fact exist in the auroral region.
However, future observations and a more detailed theoretical study of
the collisions of the downgoing electrons with the ionospheric par-
ticles, and the determination of the energy spectrum of the back-
scattered electrons at high altitudes, can clearly shed more light on

this problem.
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Finally, a few comments on the laser feedback model proposed for
the generation of AKR by Calvert [1982] are in order. In this model
density irregularities are employed to partially reflect the waves and
thereby allow an oscillator type mechanism to operate. It has been
pointed out by Calvert [1982] that in this model, a total wave growth
of about 40 dB per loop is required. It is clear from Figure 18 that
such gains cannot be achieved by the 53-3 electron distribution func-
tion. In addition, since a wave propagating along a loop will at some
portions of the loop (downgoing side) resonate with the downgoing elec-
trons and most probably be damped the amplification along the upgoing
portion of the loop will have to compensate for this damping. This
again demonstrates the need for steeper slopes in the loss cone, if the

cyclotron maser mechanism is to remain a viable ome.



TABLE 1. The Initial Conditions of the S5ix BRays Traced In

This Study
Ray 1, E fguff B, in degrees fny in degrees
Number
1 0.997 B5° 90"
2 0.997 8o*° 0.0°
3 0.992 85° 90°
4 0.992 85° 0.0°
5 0.990 85° 90°
b 0.990 B5* 20°
fgu = 160 kHz
fP = 0.05 fg
fgo
¥p=0 = = [.9975

fR=0



Figure 1

A spectrogram of the electric field inten-
sities for a nightside crossing of the

auroral region by the DE-1 spacecraft,
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Figure 2

S5ix resonance ellipses corresponding to
different values of Y and N, are shown. The
portion of the ellipse shown by broken line
does not correspond to resonance. The
resonance ellipse goes through v = ¢

whenever N, = 1.
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Figure 3

Vo/e, Vg/c (in the case of resonance with
AKR) as functions of {urug}me for two
fp.l"fE ratios and a number of wave normal

angles.
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Figure 4

Index of refraction for the free space R-X
mode as a function of {u-wg}fwg for two
fp,-"fg ratios. The index of refraction goes
to zero at the extraordinary mode cutoff,

WR=(, for all wave normal angles.
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Figure 3

Relativistic resonance ellipses (for AKR) in
velocity space for a number of wave normal
angles and two fpz’fg ratios. w is near wp=q

in (a, ¢) but is not so close in (b, d).
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Figure 6

Shaded areas determine values of X and Y for
which resonance with free space B-X mode is

possible. The shaded region is bounded by

the "D=0 boundary”.
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Figure 7

Contours of minimum energy of resonating
electrons (with AKR) in keV. A4ll contours

are bounded by the D = 0 boundary.

67



I 0,88" D+ D BOUNDARY

D= O BOUNDARY

‘u,h.fm

Y




Figure 8

Four resonance ellipses for the Z-mode. As
B increases rthe eccentricity decreases and a
larger portion of the ellipse corresponds to

resonance .
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Figure 9

71

The electron distribution used in calculat-
ing growth rates for AKR and Z-mode radi-

ation is shown in %a., The shaded area in 9b
corresponds to the region of pusitive-%%:

in the distribution shown in 9a. MNote the

different scalings in 92 and %b.
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Figure 10

73

Growth rates of auroral kilometric radiation

for £ = 0.05 fg. In 10a waves are

pc
travelling upward and in 10b they are

travelling downward.
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Figure 11

Three resonance ellipses corresponding to

Y = ,997 (A), Y= ,995 (B), and Y = .990 (C)
are superimposed on both sides of the dis-
tribution. Ellipse (C) corresponds to
growth for upgoing waves and damping for the

downgoing waves.
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Figure 11

Growth rates of auroral kilometric radiation
for fpc = 0.06 fg. For upgoing waves no
damping region exists but in the case of

downgoing waves a wide band corresponds to

damping.
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Figure 13

Growth and damping rates of upgoing AKR as a
function of frequency for four wave normal
angles are shown. wj was computed by using
the exact distribution function measured by

the 53-3 satellite, run #1.
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Figure 14

The coordinate systems (f, 5, E} with k along
the magnetic pole, and (;, f, z) whose arigin
is the launching polnt for all rays are shown
in l4a. WNote that {ﬁ, f} plane forms

the stratified plane. In 14b the index of
refraction surface, the wave normal angle

8 and the azimuthal angle § are shown.

{Q', ;', E'} is parallel to [£, ;, E]. P

B1
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Figure 15

Typical ray paths for four waves are shown.
Rays (a) and (b) propagate in the front
meridian plane, whereas rays (c) and (d)
travel in the longitudinal as well as radial
and latitudinal directions. Rays (a) and
(c) have frequencies near the cutoff where
as rays (b) and (d) have frequencies much

above the cutoff.
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Figure 16

Variations of © as a funection of path length
are shown for rays #1 through #6. The total
path length for each ray is 100 km. Note

that rays #1 and #2 with f near fp-g suffer

more refraction than rays #3 through #6.
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Figure 17

Variations of magnetic latitude and longi-
tude of rays #1 through #6 are shown. The
total path length for each ray is 400 km.

All rays are started at the magnetic lati-

tude of 70° and longitude of 0°.
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Figure 18

The number of e-foldings that the wave elec-—
tric field grows or damps by (g), as a func-

tion of path length (L) for rum #1.
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Figure 19

The electron distribution function measured
by the 53-3 satellite and the loss cone
boundary are shown. This distribution was
used in run #1. In runs #2 and #3, the
region below the loss cone boundary was

assumed to be empty.
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Figure 20

Electron mean free path plotted as a functionm

of altitude., In 20a "maximal" model for the
atmospheric densities are used, whereas in

20b "minimal” model is utilized. . .+ « .« &
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Figure 21

Growth rates of AKR with My at 3 km below

the mirroring point Mj; (run #2).
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Figure 22

The number of e-foldings that the wave elec-
trie field grows by (g), as a function of

path length (L) for rum #2.
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Figure 23

Growth rates of AKR with My at 70 km below

M; (run #3) for © between 80° and 60°.
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Figure 24 Growth rates of AKR with My at 70 km below

M; (run #3) for 6 between 55° and 35°.
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Figure 25 The number of e-foldings that the wave elec-
tric field grows or damps by (g}, as a func-

tion of path length (L) for rum #3.
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Figure 26 An electric field spectral density corre-
sponding to UT 5:44 on day 309 of 1981, The
plasma frequency is determined from the
upper cutoff of the auroral hiss which
propagates in the whistler mode. Note that
the upper cutoff of the Z-mode radiation is

just below the electron gyrofrequency.
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Figure 27 Three resonance circles for Z-mode corre-
sponding to 8 = 90°; Y = 1,001 (A), ¥ =
1.0023 (B), and Y = 1.0035 (C) are super-
imposed on the electron distribution funec-

tion.
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Figure 28 Growth rates of Z-mode radiation for perpen-
dicular propagation of waves with frequencies
just below the gyrofrequency. As the cold

plasma density increases wj decreases.
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Figure 29 Growth rates of Z-mode radiation for 8 = 85°,
Clearly there is no significant difference
between waves propagating upward (a) and
those travelling downwards (b). Except for
a small growth for Y < 1.005 all waves are

damped.
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Figure 30 Three resonance ellipses corresponding to
downgoing Z-mode with 6 = 85°, ¥ = 1.0005
(4), Y= 1.001 (B) and Y = 1.003 (C) are
superimposed on the electron distribution

funetion.
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Figure 31 The path lengths required te amplify the
background blackbody radiation up to the
maximum observed intenmsities of the Z-mode

radiation using the growth rates in Figure

28.
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APPENDIX

EXPRESSION FOR THE GROWTH RATE

In this section, an expression for calculating the growth rates of
AKR and Z-mode radiation is given, and an approximate equation for wy,
similar to that given by Wu and Lee [1979] but in a more accurate form

is derived. The general form of the dispersion equation is:

A = determinant of A =0 (Al)
where
k,k
- NPk = >

with the dielectric tensor defined as Eijif,mﬂ = ﬁij -+ Qijﬁﬁ,m}. The
general form of Qijfﬁ,w} is given in Baldwin et al. [1969] and Lee and
Wu [1980]. In the following we ignore the thermal effect of the
higher-energy electrons on the function ﬂ{ﬁ,m} so that it can be

written as:
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c2k§ £ i mz w czk"kl
PC pc_ B e N
Lo - + 14 + ¢ ¢
U.Iz mz m(mz {uz) uz
o v 3
g g
2
mim e x? “be
A= -1 —PCE 1 - LIS " =0
2 2 2 2 2
wlw ™= w_) w w— W
E =4
(A3)
2
ek pky et W
kg = l=— =3
u w w

where the imaginary part of Qy, has been set equal to zero; ky and k;
-
are the components of k parallel and perpendicular to the magnetic

field, respectively, and

2
2 @ o i u
tw 3 d d 1 T
. —oy? _E_ lwdu| J; du [ o + E{ul el 3111}]FE 7 Gf.‘fu.'r"ug ku )
(A4)
2 2
w k kjuju
. 2%H= ¢ 3 || 3 3 o
Y +27 " inﬂ.u I g: dI.I._L[ 3ug + TM{UJ‘ "-a'u—i uy ﬂul)]FE 'ﬁ"ll’g &( ‘furmg k!u ||]

with F, being the unperturbed distribution of electrons normalized to
unity; wpe and oy being the angular plasma frequency of the cold and
warm electrons, respectively; ujy and uj being electron momentum per unit
mass parallel and perpendicular to the magnetic field; and y = {1+
u2/e?) /2

Equation (A3) consists of a real part and an imaginary part, The
real part of Equation (A3) will give the relation between w {real part

¥
of frequency) and k and since thermal effects were ignored in obtaining
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EY
Re {AM(k,w)}, the resulting index of refraction is the same as that in a
cold plasma discussed by Stix [1962]. The expression for the growth

rate wy is then given by

__Im(0) ; (AS)

where the imaginary part of A is
. Jf
Im(A) = ne + py (A6)

with n and p defined as ’

2 2 2 2
_ &% B . B - ¢y Boe L
n=[2-—2~(k+ku)-—-*“——](1--—2--———2-)--62 e
w w(w + mg) w oW w
- (A7)
2
B Czk“k.l czkz U.\pc
p = 2 (l = 2 = ) .
w w' o wlw+ ow)
g
The term in the denominator of Equation (A5) can be expressed as
3 & mzmscSinZB wchosze , msc(m;c - mg)
w%Re(A)=2N[ 2 22+ 5 1 4+ 4N7[ ) 5 2
(0™ = w)) w (™ = w)
g g
mzcmzsmze mzc mzc ,
'l_ng 22]+2[(2_2)(1_ 2p 2 G480
2(w™ w’) w w - w
g g
L 2 2 2 2
pc g mpc 2 pc
T T2, 2 53+ 21l -3 = 77} *
w(w” - tug) w (w™ = mg)
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Although it was numerically shown by Lee and Wu [1980] that in
;omparison with the results of Wu and Lee [1979], smaller growth rates
are cbtained when the éffects of cold electrons are included in the
dispersion relation, it is instructive to see how Equation (A5) can be
reduced to the expression for mi given in Wu and Lee [1979]. In order
to do this, it is necessary to transform ¢ and ¢ from momentum space

into velocity space. Upon this transformation ¢ and { are given by

HZ §H o ® BFE BF wg
g N3 [ v, f dvivl[mg > TRl w18 - T "By
1l Il v
(A9)
2 2
) P LI L g
p=5— [ dv, [ dv [w +k v, =——]6(w-—L -k v )
2 mz ZLeo I 5 1 mg g Bfl H L ov I Yo I
_ 2, 2,_.1/2
where Y, = (1 -v/e™) has been set equal to one everywhere except

in the delta function; and terms like v"vl/c and v /c have been

dropped. From Equation (A9) one can see that the integrand of 1 is
that of ¢ times the factor (klvﬂ/mg)' Since in the case of R-X mode

for w ~w_>> w_, n is greater than p, for small v"/c the second term

in Equation (A6) can be dropped and Equation (A5) can be rewritten as

ﬂzmz - oF BF w

_ PH (e 2, %o Y% )
wy =(2n) b=/ dvy Jav vy Co, 5, TRy &, 7o) 8w Y, kv )1/ CoggRe(4))

(Al10)
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The expression in the bracket in the numerator is the growth rate
formula given by Wu and Lee [1979]. Since n and u%a Re(A) vary from
l.1 and 150, respectively at f ~ fp=g to 0.16 and 1 at £ much above
fR=0, it is clear that ignoring the factor T = (En}f{mgaﬂefh}} can

result in overestimation of the growth and damping rates.
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