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Whistler Mode Emissions in the Uranian Radiation Belts 

F. V. CORONITI, 1'2 W. S. KURTH, 3 F. L. SCARF, x S. M. KRIMIGIS, 4 
C. F. KENNEL, x AND D. A. GURNETT 3 

Voyager 2 detected intense whistler mode emissiohs and fluxes of energetic electrons during the 
outbound pass through the region of auroral L shells. The observed energetic (E > 22 keV) electron 
distribution, a model warm (E < 27.5 keV) electron distribution, and the cold plasma density profile 
deduced by Kurth et al. (this issue) are used to calculate the ray path-integrated spatial amplification of 
whistlers which arrive at Voyager 2 from the magnetic equator. By matching the calculated amplification 
and the relative gains at different frequencies deduced from the observed whistler power spectrum, the 
pitch angle anisotropy parameters of the electron distributions are determined to within a fairly narrow 
range of values. The estimated bounce average pitch angle diffusion 'coefficient indicates that electrons 
are on strong diffusion over a wide range in energies. The electron precipitation energy flux is sufficient 
to produce the observed auroral light emissions. 

1. INTRODUCTION 

With the Voyager 2 encounter, Uranus has joined the 
Earth, Jupiter, and Saturn as planets having magnetospheres 
with trapped radiation belts and plasma wave turbulence. Kri- 
rni•iis et al. [1986] reported intense fluxes of energetic (E > 22 
keV) electrons that peaked just after closest approach and 
remained high within the "classical" auroral L shell region 
from L = 4.8 to 6-8 (Figures 1 and 2). In addition to high- 
frequency radio emissions, Gurnett et al. [1986] identified 
whistler mode radiation which occurred as both a steady hiss 
and, at closest approach, in the form of rising chorus. In 
Figure 1, whistler emissions begin near spacecraft event time 
(SCET) 1500 at frequency f = 560 Hz, increase in frequency as 
the electron cyclotron frequency fc (=28B, B in nanOteslas) 
rises toward closest approach, and reach maximum intensity 
in the frequency band 311 Hz < f < 1 kHz during the interval 
SCET 2000-2100. Gurnett et al. [1986] remarked that the 
whistlers should pitch angle scatter energetic electrons and 
their subsequent precipitation into the Uranian ionosphere 
might produce the auroral light emissions detected by Broad- 
foot et al. [1986]. 

In this initial analysis of Uranian whistlers we focus on the 
interval SCET 2000-2100, where the most intense whistlers 
were detected and where the strongest pitch angle diffusion 
and auroral precipitation should occur. Section 2 presents 
high time resolution measurements of both the whistler emis- 
sions and the energetic electron fluxes. In section 3, for two 
specific times during the SCET 2000-2100 interval, we com- 
pute the ray path-integrated spatial gain for whistlers that 
propagate from the magnetic equator to the Voyager 2 lo- 
cation at moderate magnetic latitudes. The whistler gains are 
calculated using the observed energetic electron distribution 
(E > 27.5 keV), an inferred warm electron distribution 
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(E < 27.5 keV), and the cold plasma density profile deduced 
by Kurth et al. [this issue]. The only free parameters in the 
gain calculations are the warm and energetic electron aniso- 
tropies. We vary the anisotropy parameters until the calcu- 
lated relative gains at different frequencies match the relative 
gains deduced from the measured whistler power spectrum. In 
section 4 we estimate the bounce-averaged electron pitch 
angle diffusion coefficient and show that the electron fluxes 
are on strong diffusion over a wide range of energies. The 
estimated electron precipitation energy flux is sufficient to pro- 
duce the auroral luminosity measured by Broadfoot et al. 
[1986]. 

2. AURORAL WAVE-PARTICLE OBSERVATIONS 

During the interval SCET 2000-2100, Voyager 2 monotoni- 
cally traversed the L shell and magnetic dipole latitude (,•) 
range from L = 6.3, ,• = 13 ø to L = 8.95, ;• = 19.5 ø (Figure 2); 
here and below we have estimated dipole L shell and latitude 
using the offset tilted dipole (OTD) model of Ness et al. 
[1986]. The magnetic equatorial field strength B e and electron 
cyclotron frequency fce decreased from B e = 92 nT, fce= 2575 
Hz at SCET 2000 to B e = 32 nT, f½e = 900 Hz at SCET 2100; 
at the spacecraft the corresponding range of cyclotron fre- 
quencies is fc = 3230 (SCET 2000) to f½ = 1464 (SCET 2100). 
In this paper we have used the plasma density model of Kurth 
et al. [this issue], which was deduced by identifying local 
upper hybrid emissions and n + « electron cyclotron harmonic 
waves. For the time interval SCET 1900-2100, the Kurth et al. 
[this issue] density estimates correspond to the approximate L 
shell profile 

N(L) = 2.2(4.8/L) TM cm- 3 (1) 

where we assumed that the density N(L) was constant along 
field lines; for the interval SCET 2000-2100 of interest here, 
the densities given by (1) are consistent with the estimates 
from the plasma science (PLS) ion data I-McNutt et al., 1987]. 
With this density profile the characteristic magnetic energy 
per particle, Be2/SrcN, varies from 14 keV at SCET 2000 to 
about 3 keV at SCET 2100, energies which are typical of 
auroral electrons at Earth. 

Figure 3 displays high-resolution (every 4 s) unaveraged 
electric field spectral amplitudes (volts per meter) from 100 Hz 
to 10 kHz obtained by the TRW/University of Iowa plasma 
wave science instrument. Kurth et al. [this issue] identified the 
weak emissions above 3 kHz as n + « cyclotron waves. Near 
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Fig. 1. The top panel displays the electron differential flux (el/cm 2 
s sr keV) measured in four of the LECP channels during the interval 
SCET 1200--2400; closest approach is near SCET 1800. The 22- to 
35-keV flux is given by the scale on the left; the higher-energy fluxes 
have been divided by the numbers indicated after the energy window 
for each channel. The bottom panel displays electric field amplitudes 
(volts per meter) in logarithmically spaced band-pass channels from 
10 Hz to 56 kHz. The solid curve represents the value of the electron 
cyclotron frequency at Voyager 2. 

SCET 2000 the intense emissions from 178 Hz to 1.78 kHz are 

below both the local and equatorial electron cyclotron fre- 
quencies and are herein interpreted as waves propagating in 
the whistler mode; the weak signals at 100 Hz could be very 
low frequency whistlers but might also be interpreted as lower 
hybrid emissions excited by the electrostatic ion loss cone 
instability [Coroniti et al., 1972]. 

Between SCET 2000 and 2030 the most intense signals oc- 
curred in the 562-Hz channel, which corresponds to a normal- 
ized frequency rb -f/fce in the range rb -- 0.22 (SCET 2000) to 
rb = 0.35 (SCET 2030). Whistler emissions in this normalized 
frequency range are commonly observed on auroral L shells in 
both the terrestrial [Burtis and Helliwell, 1976] and Jovian 
[-lnan et al., 1983; Coroniti et al., 1984; lnan, 1986] mag- 
netospheres; frequently, these whistler signals exhibit the rapid 
rising (and occasionally falling) frequency structure associated 
with chorus [Burtis and Helliwell, 1969]. Before SCET 2030 
the amplitudes of the Uranian whistler emissions fluctuate 
from measurement to measurement by factors of 3 to greater 
than 10, which suggests that these signals may also possess the 
temporally impulsive structure of chorus; unfortunately, Voy- 
ager 2 did not obtain any wideband data during this time 
interval, so that we cannot positively identify the impulsive 
Uranian signals as chorus. 

Near SCET 2030 the 562-Hz amplitudes decrease, and the 
311-Hz amplitudes rise to become the dominant emission. For 
a 311-Hz whistler the normalized frequency varies from rb = 
0.20 at SCET 2030 to rb = 0.35 at SCET 2100. The wave 

amplitudes become much steadier, suggesting that the whistler 
emissions have the character of hiss; a Voyager wideband 
frame obtained at about SCET 2035 [Gurnett et al., 1986] 
does exhibit a steady, narrow-band emission which resembles 
terrestrial VLF hiss. 

Figure 4 presents four 96-s electric field power spectra from 
10 Hz to 56 kHz for selected times during the SCET 2000- 
2100 period. The lower curves are the 96-s average spectral 
density, and the upper curves are the peak spectral intensity in 
each frequency channel during the 96-s interval. On Voyager 2 
the frequency channels above 1.0 kHz suffer interference from 
the spacecraft data system, so that in these high-frequency 
channels the amplitudes of low-level signals are not accurate. 
The four spectra are broadly representative of the spectral 
shapes measured during the SCET 2000-2100 interval. The 
SCET 2011 spectrum (L = 6.73, 2 = 13.9 ø) exhibits a sharp 
peak at 562 Hz (rb = 0.27) and rapid falloff to both higher and 
lower frequencies, indicating that the whistler emission is quite 
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Fig. 2. The trajectory of Voyager 2 projected into a magnetic dipole meridian plane (adapted from Bridge et al. [1986]). 



15,236 CORONITI ET AL.' URANIAN WHISTLER EMISSIONS 

•., 

z 
uJ 

o 

VOYAGER 2 JANUARY 24, 1986 

lO.O K- 

. 

5.62 K- 

., 

3.11 K- 

1.78 K 

1.00 K '• 
562. 

-5 

-6 

-3 

311. -4 

-5 

-6 

-3 

178. -4 

-5 

-6 

-3 

100. -4 

-5 

' i '"' ' ': ' " "- ' " ß -6 
I I I I I I I I I I I I l 

SCET 2000 2010 2020 2030 2040 2050 2100 

--3 

--4 
-5 6') 

:-6 

•-3 r- 

"-4 
--5 --I 

--6 

--3 
--4 r- 

-5 
-6 

Ill 
z 

Fig. 3. High-resolution wave electric field amplitudes (volts per meter) from 100 Hz to 10 kHz measured during the 
interval SCET 2000-2100. Intense whistler emission occurs in the 311-Hz to 1.0-kHz channels. The emissions at 3.11 kHz 
and above are n + « electron cyclotron waves and upper hybrid waves. 

narrow banded. A low-intensity, secondary peak occurs near 
56-100 Hz, which may indicate a separate emission near the 
local lower hybrid frequency. At SCET 2027 the substantial 
enhancement of the 311-Hz (oh -- 0.20) intensity broadens the 
spectrum, although 562 Hz ((3 = 0.35) is still dominant. By 
SCET 2035 (L=7.64, 3.=16.5 ø ) the 311-Hz ((h-0.215) 
average spectral density slightly exceeds the 562-Hz (oh = 0.39) 
intensity, although 562 Hz retains the peak amplitude over the 
96-s averaging interval. The emerging dominance of the 
311-Hz ((3 =0.25) intensity is shown in the SCET 2043 
(L- 8.05, 3. -- 17.5 ø) spectrum, which exhibits a narrow peak 
and almost equal peak and average amplitude. 

In Plate 1 we show the frequency-time diagram measured 
by the Voyager wideband system at SCET 2035; during the 
Uranus encounter, wideband coverage was limited to 10-s 
snapshots [Gurnett et al., 1986]. No choruslike frequency-time 
structure is apparent in the wideband intensity, which is there- 
fore consistent with a hisslike emission. We also show an elec- 
tric field power spectrum obtained by averaging 10 sweeps (0.6 
s) of the wideband waveform. Since the Voyager wideband 
system uses an automatic gain control (AGC) amplifier, only 

the relative amplitudes at different frequencies are measured. 
We have calibrated the wideband power spectrum using the E 
field channel data; hence the displayed spectral densities are 
only approximate. For reference, at the top of the spectrum we 
have marked ratios of the frequency to the local electron 
cyclotron frequency; at the bottom we have marked the ratio 
of the frequency to the equatorial cyclotron frequency (h on 
the 7.64L shell location of the spacecraft. 

The wideband spectrum confirms, at a higher temporal res- 
olution, the relatively broad spectral peak inferred from the 
lower-frequency resolution channel data of Figure 4 (in the 
channel measurements a sharp peak could have occurred be- 
tween 311 Hz and 562 Hz). The frequency bandwidth at a 
spectral density 1/e down from the peak is about 225 Hz, 
which corresponds to a range of normalized frequencies from 
(h = 0.23 to (3 = 0.39. At SCET 2035, B2/8•N = 5.8 keV. The 
minimum energy for cyclotron resonance with a parallel prop- 
agating whistler is [Kennel and Petschek, 1966] 

B 2 (1 -- c3) 3 
Ea -- (2) 

8•N rb 
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Plate 1. The electric field power spectrum at SCET 2035 obtained by averaging 10 sweeps (= 0.6 s) of the wideband 

receiver. The wideband system records only the relative power; the spectrum has been calibrated by using the lower time 
resolution channel measurements. Here f/fc is the ratio of the wave frequency to the local electron gyrofrequency at 
Voyager 2; •b is the wave frequency normalized to the equatorial cyclotron frequency of the Voyager 2 L shell (L = 7.64). 
The inset displays the wideband frequency-time diagram from 50 Hz to 6 kHz 
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Fig. 4. The electric field power spectral density from 10 Hz to 56 kHz obtained from the digital channel data for four 
selected intervals. The lower curve is the 96-s average, and the upper curve is the peak spectral density measured during 
the averaging interval. 

Hence the spectral density bandwidth corresponds to equa- 
torial resonance with electrons in the energy range 3.4 keV < 
E R < 11.5 keV; at Voyager the local resonant energy is in the 
range 17 keV < ER < 44 keV. 

Although the intensity in the wideband f-t diagram appears 
to be almost constant, the power spectrum exhibits significant 
changes on short time scales. Figure 5 shows the superposition 
of the spectrum in Plate 1 with the two 0.6-s average spectra 
which immediately precede and follow the Plate 1 spectrum. 
The high-frequency cutoff near 600 Hz is very steady, but the 
low-frequency spectral shape and bandwidth are quite vari- 
able. The superposed spectra also exhibit a weak emission 
with peaks near 800 Hz and 1.5 kHz, just below and above the 
local half cyclotron frequency (,-, 1 kHz) and well above the 
equatorial half cyclotron frequency. 

During the SCET 2000-2100 interval the observed whistlers 
resonate with electrons over the broad energy range from a 
few keV to ,-, 100 keV. Unfortunately, during this time, Voy- 
ager 2 was within Uranus' shadow, and spacecraft charging 
complicated the low-energy electron measurements made by 
the Massachusetts Institute of Technology (MIT) PLS instru- 
ment [Bridge et al., 1986]. Bridge et al. [1986] have reported 
intense fluxes of warm 1- to 6-keV electrons, with an omnidi- 
rectional integral flux of 2-10 x 106 el/cm 2 s. 

The Johns Hopkins/University of Maryland low-energy 

charged-particle (LECP) experiment measured intense fluxes 
of electrons in the energy range 22 keV to 1 MeV. Figure 6 
displays six successive 8-min average differential energy spec- 
tra (dj/dedf•, in el/cm 2 s sr keV) from SCET 2004 to 2051 
measured at local pitch angles which decreased gradually from 
• = 87 ø (SCET 2004) to • = 77 ø (SCET 2044). Below 150 keV 
the differential spectra are well fit by a simple power law of 
the form 

dj/dedf• = JE t2(tE2/t2) st + •(sin (3) 

where t--p/mc is the normalized relativistic momentum, te 
corresponds to the central energy of the lowest channel, 
roughly 27.5 keV, Ae is the pitch angle anisotropy, M is the 
power law spectral index, and jete 2 is essentially (sin • • 1) 
the measured differential flux at tE. The estimated values of the 
power law index M are given in the figure, as well as the L 
shell location of Voyager 2 at the start of each averaging 
interval. Below 100 keV the differential flux gradually de- 
creased from SCET 2004 to SCET 2051, and M underwent 
slight variations in the range 1.61 < M < 1.91. 

3. WHISTLER MODE GROWTH RATES 

In this section we interpret the Uranus wave measurements 
using the standard theory of whistler mode amplification by 
anisotropic electron distributions [Kennel and Petschek, 1966; 
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Fig. 5. The superposition of the Plate 1 spectrum and the two 0.6-s average wideband power spectra that immediately 
precede and follow the spectrum of Plate 1. 

Church and Thorne, 1983]. As a whistler propagates along a 
ray path, the wave electric field amplitude E(f, s) grows expo- 
nentially as 

(4) 

where ds is the differential arc length along the path, ki(f, s) is 

the local spatial amplification rate, and G(f, s) is the net gain 
from the initial location s = 0, taken herein as the magnetic 
equator, to the point s, taken herein as the location of Voy- 
ager 2. The initial wave amplitude level E(f, s = 0) is unknown 
but is definitely not the single particle incoherent fluctuation 
level [Church and Thorne, 1983]; incredibly high exponential 
gains of 30-40 are needed in order to amplify thermal noise up 
to the observed wave levels. 
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Lacking a realistic estimate of E(f, s = 0), we will use the 
measured Voyager 2 amplitudes E(f, s) to compute the differ- 
ence in the gain at different frequencies and will match the 
relative gains to the amplification calculations. Detailed calcu- 
lations have been carried out for two cases' the SCET 2011 

channel spectrum in FigUre 4 and the SCET 2035 wideband 
spectrum in Plate 1. In s•ction 3.1 we describe the model 
electron distribution functions which ar e used in the growth 
rate computations. Section 3.2 briefly outlines a simplified ray 
path calculation which traces rays that start at the magnetic 
equator and propagate to the Voyager 2 observation point. 
Section 3.3 describes the procedure for calculating the wave 
gain, and section 3.4 presents the comparison of the gain cal- 
culations and the wave observations. 

3.1. Model Electron Distributions 

For the energetic electrons above 27.5 keV we convert the 
observed LECP differential flux into the normalized electron 

distribution F(t) = (me)f (p) as 

FE(t) jE*(L)mc itE2•M+l -- --X7 (sin or) 2A• t > t e (5) b, - 

where je*(L) equals the flux scaling factor of equation (4) (je) 
converted from (keV) -• to (erg) -• and multiplied by the 
:quantity b, '•, where b. is the ratio of the local magnetic field 
strength to the equatorial field strength for the same L shell. 
Since whistlers propagate across L shells in traveling from 
their starting location on the equator to Voyager 2, we must 
specify the L shell dependence of je*(L) and M(L) in order to 
determine the whistler amplification. For the case study SCET 
2.011 (SCET 2035), we used the observed differential flux at 
times SCET 2004, 2012, and 2020 (SCET 2028, 2035, and 
2044), obtained from higher time resolution measurements 
than are shown in Figure 6, to Perform a simple quadratic fit 
for jE*(L) in terms of the parameter L - L s where L s -- 6.47 
(L s = 7.4); i.e., we took 

jE*(L) = j•(Ls)b ,A(Ls)a(L Ls) 

M(L)- M(L•)h(L Ls) 

Where q and h are the quadratic fitting functions (see Appen- 
dix 1). The functions •/ and h and the anisotropy factor b A 
were incorporated in the calculation of the local spatial 
growth rate ki(s,f). 

For simplicity, and since we have no observed dependence, 
we have assumed that the anisotropy Ae is independent of L. 
On the inbound pass, the pitch angle distributions of the 
22 < E < 35 keV electrons, which are displayed by Mauk et 
al. [this issue], have an approximate anisotropy Ae • 0.42 for 
L = 6.5 7.7 and Ae • 0.75 for L = 8.8-9.2. These values are 
comparable to the estimate of AE that we obtain below, and 
they suggest that Ae is not a strong function of L. In our 
growth rate calculations, whistler ray paths rarely change L 
shell by more than 0.2-0.3, so that weak anisotropy gradients 
should not seriously modify our qualitative results; the sensi- 
tivity of the calculations to changes in Ae is discussed below. 

We do not have electron distribution function measure - 

ments for energies below 27.5 keV. We have therefore modeled 
the warm electron distribution as an anisotropic Maxwellian: 

Fw(t ) = jw*(L)m• exp [--t2/tw2](sin O0 2Aw t < te (6) 
b. Aw 

Requiring F(t) and c•F/c•t to be continuous at re, we obtain the 
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chøsen to fit smoothly in energy and Pitch angle with the measured 
energetic electron distribution. 

conditions 

Jw* exP [-tE2/tw 2] = je* 
(7) 

tw 2 = tE2/(M + 1) Aw(tE) = A• 
As an example of the combined warm and energetic distri, 
bution functions, Figure 7 displays the resulting differential 
fluxes with sin • • I for SCET 2035. The warm electron inte- 

gral flux predicted by the combined model is within a factor 6f 
2 of the flux reported by Bridqe et al. [1986], so that F,•(t) 
should provide a reasonable representation of the warm elec- 
tron distribution. 

Parallel whistlers of frequency f are unstabl• if the pitch 
angle anisotropy exceeds the critical anisotropy A c = f/(fc --f) 
[Kennel and Petschek, 1966]. The sharp decrease in the ob- 
served power spectrum for rb > 0.4 suggests that the electron 
anisotropy is of the order of A • 0.6-0.7. The simplest as- 
sumption would be to make the hot and warm electron aniso- 
tropies equal. However, in our growth rate computations we 
found that the observed relative gain at different frequencies 
could not be explained if A w - A E. We therefore allowed the 

ß 

warm electron anisotropy to have the following Variation with 
energy, 

Aw(t ) = law(0 ) -- A•.](1 -- t2/te2) 2 + Ae (8) 

so that Aw(O ) is not necessarily equal to Ae but Aw(tE) = Ae as 
required by (7)' this, analytic form of Aw(t ) allOWs the pitch 
angle distributions of the warm and energetic electron distri- 
butions to join smoothly at rE. 

3.2. Whistler Ray Pat hs 
In propagating away from the magnetic equator, the whis- 

tler wave normal angle undergoes a rapid rotation due to the 
strong curvature of a dipole magnetic field and gradients in 
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the wave index of refraction [Kirnura, 1966; Thorne and 
Kennel, 1967' Burtis and Helliwell, 1976]. In the WKB eikenal 
approximation the equation for the ray path r(2) in a dipole 
field is 

1 dr 
- tan (½ - q• -- 6) (9) 

r d)[ 

where r is the spherical radius, )[ = •/2 - 0 is the latitude (0 is 
the colatitude), ½t is the angle between the wave vector k and 
the local magnetic field, tan q• = 2 tan )[, and tan 6 = (-l/n) 
On/O½ [Stix, 1962]. In the quasi-longitudinal approximation 
the whistler index of refraction is 

n 2 -- fiø2 (10) 
f(f½ cos q/--f) 

where f•, = 9(N) •/e kHz is the electron plasma frequency; at 
Uranus the density N is determined by the cold electrons. The 
angle 6 is then given by 

tan 6 = fc sin ½ (11) 
2(f• cos ½-f) 

In a dipole field the wave normal angle ½ changes with 
latitude along a ray path according to the equation [Church, 
1982]. 

I =[ ][ de 3no(1 + sin 2 )[) _ r(Vn)•, ß • n o - •'• path 1 + 3 sin 2 )[ 

(12) 

where n o -- -n cos (½ - q•), • = cos (½ - q•)? + sin 
and •0 = 0. •; ? and 0 are the standard spherical coordinate 
unit vectors. For a cold plasma density N(L, )[)ca L -• and 
independent of latitude, equation (12) becomes 

dq/ P 

d)[ p. th Q 

3 fc cos ½ 
P=3cos(½-q•)(1 +sin e)[)+•f½ cos½-f 

ß [cos (½ - •p)(1 + 3 sin e )[) + sin (½ - •p) cos )[ sin )[] 

q (1 + 3 sine )[)[ 2 sin )[ sin (½ - •p) ] + cos x - cos (½ - 

(13a) 

(13b) 

Q = (1 + 3 sin e )[)[cos (½ - qb) + tan 6 sin (½ - •p)] (13c) 

Equations (9) and (12) are valid if the wave frequency is well 
above the lower hybrid frequency, a condition which is well 
satisfied for the frequencies and latitudes of interest here; wave 
reflection at the lower hybrid requires a more accurate ex- 
pression for the index of refraction [Thorne and Kennel, 1967]. 

Since we are only interested in wave propagation over the 
small latitude range 0 _< )[ <_ 16.5 ø, we employed a simple 
finite difference scheme to integrate equations (8) and (12); the 
integration was accurate to less than 1%. Rays were started at 
the magnetic equator on an initial L shell L o and with an 
initial wave normal angle ½o such that the wave propagated 
to the location of Voyager 2. 

3.3ß spatial Growth Rate 
In calculating the net gain along a ray path we retained 

only the first-order cyclotron resonant and the Landau damp- 

ing contributions since these interactions are generally the 
strongest [Church and Thorne, 1983]. For the electron distri- 
butions (5) and (6) the spatial growth rate ki(s ) is given in 
Appendix 1. The only free parameters in determining the gain 
G(f) are the two anisotropies, A E and Aw(O ). 

In order to compare with the observed power spectra at 
SCET 2011 and 2035, we computed G(f) for several fre- 
quencies which spanned the peak intensity. For a given ob- 
served frequencies f or rb, we varied the initial wave normal 
angle ½t o (and correspondingly L o and rbo) until G(f) achieved 
a local maximum. We iteratively adjusted the two anisotropy 
parameters (AE and Aw(O)) until the difference in the gains of 
adjacent frequencies closely matched the relative gains de- 
duced from the observed power spectra. 

The final "best fit" choice of A• and Aw(O ) is undoubtedly 
not unique in a mathematical sense. However, because of the 
sensitive dependence of the spatial growth rate on the ani- 
sotropy, small changs in Ae and/or Aw(0) resulted in relatively 
large changes in the net gain. Since the wave amplitudes 
depend'exponentially on the gain, only very small variations 
of the anisotropies about the best fit values could be made and 
still have the relative gains be consistent with the observed 
amplitudes. Thus, given the basic assumptions in calculating 
ki(s), the accuracy of the measured energetic electron fluxes, 
the model distribution function for the unmeasured warm 

electrons, and the Kurth et el. [this issue] density profile, the 
best fit anisotropies are rather tightly determined. 

3.4. Results of Gain Calculations 

Figure 8 displays the best fit path-integrated gain as a func- 
tion of c3 (frequency normalized to the equatorial cyclotron 
frequency of Voyager 2's L shell) for the times SCET 2011 and 
2035. The solid dots are the calculated gains which have been 
maximized for each frequency; these points have been con- 
nected by a smooth curve. For the SCET 2011 case, the select- 
ed frequencies equal the center frequencies of the Voyager 2 
channel spectrum analyzer except for rb--0.35, which falls 
between the 560-Hz and 1.0-kHz channels. For the SCET 

2035 case, the frequencies were chosen to correspond to criti- 
cal points on the power spectrum of Plate 1. For each of the 
calculated gains, Table 1 lists the observed frequency rb, the 
initial frequency rb o (normalized to the equatorial cyclotron 
frequency on the initial L shell), the initial L shell Lo, the 
initial equatorial wave normal angle ½o, the final wave normal 
angle ½tj• of the ray at Voyager 2, and the initial (Eo) and final 
(Eft cyclotron resonant energy for each wave. 

In Figure 8 the crosses represent the amplitude gains deter- 
mined from the measured Voyager 2 power spectrum by as- 
suming that the gain at the peak of the power spectral density 
equaled the peak calculated gain. For example, at SCET 2035 
(SCET 2011) the observed power at rb = 0.23 (rb -- 0.147) cor- 
responds to an amplitude gain that is 0.66 (2.8) smaller than 
the gain at rb = 0.31 (rb = 0.265), the peak of the power spec- 
tral density; for the SCET 2011 case, we used the average 
power spectrum to calculate the relative gains. The anisotropy 
parameters, Ae and Aw(0 ), were varied until the differences 
between the calculated gains and the relative gains inferred 
from the wave measurements were "sensibly" minimized. 

In order to examine the sensitivity of the best fit gains to 
changes in the anisotropy parameters, Figure 9 displays the 
gain calculations for the SCET 2035 case in which the energet- 
ic electron anisotropy was increased and decreased by 0.1 
from the best fit value (A• = 0.56) while holding Aw(0 ) fixed at 
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Fig. 8. The calculated ray path-integrated gains at selected fre- 
quencies for whistlers starting at the magnetic equator and propagat- 
ing to Voyager 2 are displayed as points for SCET 2011 and 2035. 
Each point represents the maximum spatial gain at frequency r3 ob- 
tained by varying the initial wave normal angle and corresponding 
initial L shell of each ray. The crosses represent the amplitude gain 
determined from the measured Voyager 2 power spectrum by as- 
suming that the gain at the peak of the power spectral density equaled 
the peak calculated gain. The "best fit" anisotropy parameters are 
A• = 0.56, A,•(0) = 1.1 for SCET 2035 and A• = 0.62, A,•(0) = 0.43 for 
SCET 2011. 

its best fit value. The crosses correspond to the gains inferred 
by averaging the Plate 1 spectrum with the four spectra that 
immediately precede and follow (see Figure 5) the Plate 1 
spectrum. The error bars attached to the crosses in the A E = 
0.66 plot represent the variance about the gain inferred from 
the average power spectral density. Clearly, even including the 
variances, neither the Atr= 0.66 nor the Atr= 0.46 gain pro- 
vides a reasonable fit to the measured power spectrum. Figure 
10 displays the gains calculated by increasing and decreasing 
Aw(O ) by 0.2 from the best fit value (Aw(O) = 1.1) while holding 
A•r fixed at its best fit value (note the different scales for the 
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Fig. 9. Calculated gains for Ae increased and decreased by 0.1 
from the "best fit" value of 0.56, holding A,•(0) fixed at 1.1. The crosses 
represent the gains inferred from a power spectrum obtained by 
averaging the four 0.6-s wideband spectra that immediately precede 
and follow the SCET 2035 spectra in Plate 1. The error bars in the 
top graph represent the variance about the average gain which results 
because of fluctuations in the power spectral density. 

two cases). Changing Aw(O ) has little effect on the gain of the 
two lowest frequencies but significantly alters the gain at high 
frequencies. Although the Aw(O ) = 0.9 case is not an unreason- 
able fit to the inferred gains, the gains near the spectral peak 
are more closely matched for Aw(O ) = 1.1. 

An interesting feature of the gain calculation is the large 
initial wave normal angles of the waves with frequencies above 
that of the maximally growing mode. For nearly parallel prop- 
agation at the equator these higher-frequency modes are either 
damped or only weakly growing for the best fit anisotropy 
parameters (the actual anisotropy is neither Atr nor Aw(O ) but 
a complicated weighted average over the distribution func- 
tion). The highly oblique higher-frequency waves are more 
strongly unstable at the equator and thus have the larger 
path-integrated gains. If we had considered only nearly paral- 
lel waves at the equator, a significantly larger anisotropy 
would have been required in order to have appreciable wave 
growth for rb ~ 0.4-0.5. It would then have been impossible 
for the integrated gain to maximize at the observed fre- 
quencies of rb- 0.265 (SCET 2011) and rb- 0.31 (SCET 
2035), since the growth rate of parallel whistlers peaks for 
frequencies just below All q-A. Furthermore, for parallel 
whistlers the frequency bandwidth about the maximally grow- 
ing mode is quite narrow, which would, after spatial amplift- 

TABLE 1. Ray Tracing Parameters 

f, Hz 

178 

311 

560 

740 

1000 

245 

334 

447 

560 

716 

0.084 

0.147 

0.265 

0.35 

0.473 

0.17 

0.23 

0.31 

0.388 

0.496 

(30 Lo •o •. E o, key 

SCET 2011 (L --- 6.73) 
0.085 6.745 --25 26.05 90.5 
0.1475 6.737 -- 25 27.54 43.24 
0.2644 6.725 -- 25 30.9 15.8 

0.347 6.71 --60 --46.0 7.6 
0.414 6.44 --60 --47.3 3.5 

SCET 2035 (L = 7.64) 

0.16 7.496 -- 20 43.2 23.5 
0.2185 7.51 --20 45.0 13.8 

0.296 7.54 -- 20 47.8 7.3 
0.3985 7.71 --55 --25.5 2.6 
0.45898 7.446 -- 55 -- 25.67 1.4 

Ej•, key 

180.0 

94.1 

39.2 

24.8 

8.6 

65.0 

42.4 

26.7 

16.6 

7.5 
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Fig. 10. Calculated gains for A•(0) increased and decreased by 0.2 
from the "best fit" value of 1.1, holding Ae - 0.56. The crosses are the 
gains inferred from a power spectrum obtained by averaging the 0.6-s 
wideband spectra that immediately precede and follow the SCET 
2035 spectrum. 

z 

n: 4 
o 

order cyclotron resonances [Lyons et al., 1972] and conse- 
quently obtain an upper bound on the scattering time. In 
section 4.2 we estimate the electron precipitation fluxes. 

Earlier, we suggested that the impulsive emissions detected 
before SCET 2030 might be chorus; consequently, the applica- 
bility of the quasi-linear theory might be questioned for such 
structured emissions. lnan [1986] has shown that the precipi- 
tation flux induced by an isolated chorus element is in general 
agreement with the fluxes estimated by quasi-linear theory. 
Furthermore, since electrons bounce many times before being 
scattered into the loss cone, their interaction with even iso- 
lated chorus elements will have an average diffusive character. 
Finally, the continuity of the Uranian whistler emissions sug- 
gests that they may resemble the Jovian chorus; except for a 
few isolated cases (which lnan et al. [1983] analyzed) the 
Jovian chorus elements were temporally tightly packed and 
even overlapping. For such chorus the quasi-linear estimate of 
the diffusion coefficient will be quite accurate. 

4.1. Scattering Times 

The pitch angle diffusion coefficient for parallel whistlers 
can be written as [Coroniti et al., 1980] 

cation, produce a very narrow band emission (typically A•3 < 
0.1). It was the observed relatively broad band spectrum which 
led us to consider highly oblique propagation. 

3.5. Discussion 

The above gain calculations indicate that the Voyager 2 
wave spectra can be explained reasonably well by the spatial 
amplification of whistlers. Nevertheless, some caution is in 
order. Changing the electron distributions and/or the cold 
density profile will result in significant (but probably modest) 
changes in the best fit anisotropy parameters and the charac- 
teristic parameters (•30, $0, L0) of the maximally growing 
waves. Furthermore, we assumed that the observed wave spec- 
trum was dominated by waves that commenced amplification 
at the magnetic equator. Although perhaps reasonable for a 
first attempt, this assumption is undoubtedly an over- 
simplification, and the actual waves which make up the ob- 
served spectrum probably have, a wide range of initial starting 
locations and complex ray trajectories. Hence our gain calcu- 
lations are probably best viewed as indicating a general and a 
broad consistency between the Voyager 2 wave observations 
and the whistler amplification model. 

4. DIFFUSION LIFETIMES AND 

PRECIPITATION FLUXES 

In the standard whistler turbulence theory [Kennel and 
Petschek, 1966; Thorne, 1983] the stably trapped limit flux is 
usually obtained by requiring that the wave power ex- 
ponentiate a few times (typically three) as a wave transits the 
unstable equatorial region. Since the calculated gains in the 
previous section are somewhat larger, we should expect that 
the Uranian electron fluxes are near or on strong diffusion 
[Kennel, 1969]. In section 4.1 we estimate the whistler pitch 
angle diffusion coefficient Dot• and the electron scattering times 
T s. For simplicity, we assume that the observed whistler spec-, 
trum at Voyager 2 is representative of the wave power spec- 
trum throughout the equatorial region. Since the wave vector 
spectrum is not known, we further assume that D• is reason- 
ably approximated by the diffusion coefficient for parallel 
whistlers; thus we ignore diffusion from Landau and higher- 

D0tat -- 
e2B2(f) 
8m2c272 va I (14) + Iv,,I .... 

where vg is the group, Be(f) is the magnetic power spectral 
density (G2/Hz) for positive frequencies, and all quantities are 
evaluated at the resonant frequency where 7(o• r -kll(C0r)Vll ) 
--f•- 0. Since the assumption of parallel whistler interac- 

tions provides only a rough estimate of the actual diffusion 
rate, we will neglect relativistic corrections in the following 
discussion (y • 1) and use the analytically simpler nonrelativi- 
stic relations between wave frequency and resonant energy 
(equation (2)). For the maximum energy of interest (E • 150 
keV), • • 1.3. Hence the neglect of y in (14) results in the 
scattering lifetime (below) being underestimated by about 
70%; at lower energies the correction is negligible. If we con- 
vert from B(f) to the measured electric field spectral ampli- 
tude E(f) using 

B(f)(nT/Hz •/2) = (10n/3)E(f)(V/m -- Hz TM) 

(14) becomes 

Dotot = 4.4 x 10'•n2E2(f)l % (15) 

As an electron traverses the equatorial region, it resonates 
with whistlers of different frequencies. Since the observed 
Ee(f) depends rather strongly on frequency, we calculate the 
bounce average of Dotot as 

fj dS/v , Dotot 1 •• dS D•ot (16) 
where l • r•LRv/2 is one-half the length of a dipole line of 
force; in (16) we have neglected the spatial dependence of vii 
since vii varies only slightly across the resonant region. The 
details of calculating/Sotot for the observed E2(f) at SCET 2011 
and 2035 are discussed in Appendix 2. The average pitch angle 
scattering time as a function of particle energy is roughly 
given by T s • 1//Sotot. The electron fluxes will be on (or near) 
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Fig. 11. The scattering time T s, calculated from the bounce-averaged pitch angle diffusion coefficient, and the minimum 
precipitation lifetime Tmi , against energy (keV) for SCET 2011 and 2035. The energy range for which T s < Tmi . should be.' 
precipitating at the strong diffusion limit. 

the strong diffusion limit when T s < rmin, where 

4L4Ru 
rmi n -- (17) 

t)ll 

is the minimum precipitation lifetime [Kennel, 1969]. 
Figure 11 displays the scattering time T s and the minimum 

lifetime Tmi , as a function of the minimum energy for cyclo- 
tron resonance at the equator for the two cases SCET 2011 
(L = 6.73) and SCET 2035 (L = 7.64). For SCET 2011 (SCET 
2035), electrons in the energy range 7 keV < E < 48 keV (2.5 
keV < E < 35 keV) have T s < Tmi • and should therefore be on 
strong diffusion. For lower energies, T s rapidly becomes very 
large, a consequence of the sharp falloff of the whistler power 
spectrum with increasing frequency. At higher energies, T s in- 
creases less rapidly, even though the power spectrum also di- 
minishes sharply with decreasing frequency. As they travel 
away from the equator, higher-energy electrons can resonate 
with the peak spectral intensity and thus have a smaller scat- 
tering time than would be inferred from the equatorial reso- 
nant frequency. 

The importance of bounce-averaging D• can be illustrated, 
using the SCET 2035 case, by considering a 20-keV electron 
which at the equator resonates with an cb -- 0.17 whistler. The 
equatorial value of the diffusion coefficient is D• e= 1.15 
x 10 -'•. Suppose we estimate/• in the usual way by taking 

15• = (Al/l)D• e where Al is the length of the resonant region. 
For Alii = 2•/2/3r• (see equation (A16)), which corresponds to 
a latitude interval of about 14 ø, we find/• • 1.7 x 10-5 and 
T s • 6 x 10 '• s and would conclude that the 20-keV electrons 
are on weak diffusion. The bounce-averaged T s is equal to 
2 x 103 s and is less than the minimum lifetime. Hence off- 

equatorial resonant interactions can dramatically reduce the 
lifetimes of higher-energy electrons whenever the power spec- 
trum is strongly peaked in frequency. 

4.2. Precipitation Fluxes 

The electron precipitation flux Jv into the atmosphere is 
related to the trapped flux Jr by the approximate scaling 

[Coroniti and Kennel, 1970] 

Jp Wrnin 

Jr TL 
(18) 

where T L is the electron lifetime. On strong diffusion (T s < 
Tmi•), T L • Tm• •. The ratio of the precipitation to trapped 
energy fluxes also scales roughly as Tmi,/T•.. For SCET 2011 
and 2035, Table 2 lists the electron precipitation and energy 
fluxes obtained by integrating over the energy range in which 
T s < Tmi•; we separately computed the respective contri- 
butions of the warm and energetic electrons. The total precipi- 
tation energy flux increases from 0.5 erg/cm 2 s at L -- 7.64 to 
1.0 erg/cm 2 s at L = 6.73. On the outbound pass, intense whis- 
tler emissions were detected from SCET 1950 (L •, 6) to SCET 
2100 (L m, 9). Since the energetic electron fluxes increased 
slowly with decreasing L shell during this period, the peak 
precipitation energy flux could have exceeded 1.0 erg/cm 2 s at 
somewhat lower L shells than L -- 6.73. 

Broadfoot et al. [1986] reported the frequent detection of 
auroral luminosity which was consistent with emission from 

TABLE 2. Precipitation Fluxes 

Parameter Value 

SCET 2011 (L = 6.73) 
Warm electrons: 7 keV < E < 27.5 keV 

Precipitation flux, el/cm 2 s 
Energy flux, ergs/cm 2 s 

Energetic electrons: 27.5 keV < E < 48 keV 
Precipitation flux, el/cm 2 s 
Energy flux, ergs/cm 2 s 

SCET 2035 (L = 7.64) 
Warm electrons: 2.5 keV < E < 27.5 keV 

Precipitation flux, el/cm 2 s 
Energy flux, ergs/cm 2 s 

Energetic electrons: 27.5 keV < E < 35 keV 
Precipitation flux, el/cm 2 s 
Energy flux, ergs/cm 2 s 

1.6 x 10 • 
0.44 

9.85 x 10 6 
0.54 

2.3 x 10 7 
0.18 

3.9 x 106 
0.27 
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the south magnetic pole. From the observed UV fluxes they 
estimated a total precipitation power from electrons in the 
10-keV energy range of 2 x 10 TM W, assuming a uniformly 
illuminated 20 ø polar cap (area: 2.5 x 10 •8 cm2). Hence the 
UV emissions require an average auroral precipitation energy 
flux of ~0.8 erg/cm 2 s, which is consistent with the precipi- 
tation fluxes calculated from the observed whistler turbulence. 

5. DISCUSSION 

The observed intense whistler emissions and the relatively 
high fluxes of warm and energetic electrons indicate that the 
Uranian magnetosphere does possess a "classic" auroral zone 
in which strong wave-particle pitch angle scattering precipi- 
tates electrons into the atmosphere. The Voyager 2 power 
spectra at SCET 2011 and 2035 can be reasonably well ex- 
plained by the spatial amplification of whistlers using the ob- 
served energetic and inferred warm electron fluxes and the 
Kurth et al. [this issue] cold density profile. (Actually, in at- 
tempting to fit the observed whistler spectra we independently 
concluded that the cold plasma density at SCET 2011 and 
2035 had to be very close to the Kurth et al. [this issue] 
values; small deviations from these values result in relative 
gains that deviate significantly from those inferred from the 
wave observations.) The amplification calculations depended 
only on the two anisotropy parameters which are rather tight- 
ly constrained in order to reproduce the observed spectral 
shapes. However, we must emphasize that the amplification 
model is undoubtedly oversimplified, and thus we have dem- 
onstrated only a broad consistency between theory and obser- 
vations. Over a fairly wide range in energy the observed whis- 
tler amplitudes will maintain the electron fluxes on strong 
diffusion. Estimates of the electron precipitation energy flux 
are comparable to those derived from the UV observation of 
Uranian aurorae. 

The high wave-particle activity observed from L = 6 to 9 on 
the outbound pass is in distinct contrast to the modest whis- 
tler and electron flux levels which were detected on Voyager 
2's inbound transit through the same L shell region but at 
slightly larger magnetic latitudes (roughly SCET 1500-1730, 
16 ø < •. < 32ø). During this inbound interval the plasma den- 
sity was apparently very low (N < 0.1 cm -3) [Selesnick and 
McNutt, this issue; Kurth et al., this issue]. Hence at L ~ 7, 
B2/8rtN > 100 keV at the equator, and the observed high- 
energy electron fluxes are likely to be below the stably trapped 
limit. 

The strong precipitation losses which are inferred from the 
observed outbound whistler intensities pose several con- 
undrums. In a minimum lifetime an electron of energy E un- 
dergoes a magnetic gradient drift of the order of 

qb•t = 7.5ø(L/7.5)S(E/27 keV) •/2 

in magnetic longitude. During the interval SCET 1950-2100 
of intense whistler emissions, Voyager 2 moved approximately 
20 ø in magnetic longitude in a direction opposite to the gradi- 
ent drift, and Uranus rotated through an angle of about 24 ø . 
Hence the spatial region of strong losses probably has a mini- 
mum extent of some 200-25 ø in longitude, and electrons are 
unlikely to drift out of this region before suffering a severe flux 
depletion. The apparent implication of this line of reasoning is 
that there must have existed a strong source of 5- to 40-keV 
electrons in order to maintain the fluxes on strong diffusion on 
time scales longer than Tmi n. 

Both Mauk et al. [this issue] and Chen•t et al. [this issue] 

have presented evidence for the temporal variability of the 
Uranian energetic proton and electron fluxes and have specu- 
lated that substormlike injections may be occurring in the 
radiation belts. The observed factor of 10 enhancement of the 

outbound to inbound 22 < E < 35 keV electron fluxes may be 
evidence for unsteady injection and/or acceleration processes; 
the observed pitch angle anisotropy of the inbound fluxes can 
account for only a factor of 2 reduction from the outbound 
flux due to the higher magnetic latitude of the inbound pass. 

Cheng et al. [this issue], however, present an argument 
against strong temporal variability. They compare the in- 
bound and outbound phase space densities near L ~ 9-10 
where Voyager provided measurements at the same first and 
second adiabatic invariant. Although the electron phase space 
densities decrease with L, indicating losses, the inbound and 
outbound values are nearly equal at all energies, which sug- 
gests azimuthal drift symmetry and the absence of significant 
injections. The observed whistler intensities near L ~ 9-10 are 
low, which is consistent with weak precipitation losses. How- 
ever, outbound near L ~ 9-10, the cold density N is about 2-3 
cm -3 [McNutt et al., 1987], so that Ba/8nN •< 1 keV. The 
strong losses could have reduced the fluxes to near the stable 
trapping limit; at L = 9 the stably trapped flux is ~3 
x 106/(A- Ac) el/cm 2 s, which could be comparable to the 

observed flux of ~ 7 x 106 el/cm 2 s. The long minimum life- 
times at L ~ 9-10, however, suggest that convective and/or 
radial diffusive transport may provide a more rapid loss of 
electrons than does precipitation. 

Another difficulty for the possible occurrence of strong dif- 
fusion losses in the 6 < L < 9 region concerns Chen•l et al.'s 
[this issue] estimates of the radial diffusion coefficient. Cheng 
et al. [this issue] argue that the absence of satellite sweeping 
signatures, which are theoretically possible [Paonessa and 
Chen•l, 1987], indicates that the radial diffusion coefficient 
must exceed the satellite loss time at the minimum Ariel L 

shell; using both the electron and proton phase space density 
profiles, they find DL•. ~ 10- 6 _ 10- 7 s- • at L ~ 7.5. In order 
to balance strong diffusion losses we require D,•,• Train •> 1 or 
D,•,• ~ 2.5 x 10 -4 s-• for E • 27.5 keV electrons, a value that 
is much higher than found at Jupiter and Saturn. In addition, 
solar wind driven convection is inadequate to transport elec- 
trons to L ~ 6-7 against strong diffusion losses even if the full 
solar wind electric potential is imposed across the mag- 
netosphere. Hence rapid inward transport that can maintain 
the electron fluxes against strong losses appears difficult to 
achieve on an auroral L shell at Uranus. 

Given that the evidence for substormlike injections and 
rapid radial transport is not conclusive, we should ask wheth- 
er the precipitation lifetime calculations can be in error. The 
pitch angle diffusion coefficient depends on the whistler mag- 
netic field spectral density, which is not measured by the Voy- 
ager wave instrument. We calculated the whistler magnetic 
amplitude from the measured electric field spectrum, a step 
that involves several assumptions:(1) all the E field intensity is 
due to whistler mode emissions; (2) the E field signals are 
primarily transverse to the dc magnetic field; and (3) the index 
of refraction (essentially the plasma density) is known. The 
only defense of the first two assumptions is an appeal to pre- 
vious experience. For the third, the three independent esti- 
mates (see McNutt et al. [1987], Kurth et al. [this issue], and 
the growth rate analysis of this paper) of the plasma density 
during the SCET 2000-2100 interval are essentially in agree- 
ment. In calculating the bounce-averaged diffusion coefficient 
we further assumed that the whistler emissions existed 
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throughout the + 16 ø region about the magnetic equator. 
Since the ray tracing amplification calculations are reversible 
as to direction of wave propagation, their success in ex- 
plaining the observed Voyager E field spectra, and previous 
experience with whistler emissions, strongly suggest that the 
whistler wave amplitudes occur throughout the equatorial 
region. Finally, in order for the calculated scattering lifetimes 
to imply strong precipitation losses, the diffusion rate must be 
maintained along the drift and/or radial transport trajectory 
of an electron for a time comparable to Tmin. If the wave 
amplitudes and/or the plasma density are spatially inhomoge- 
neous or temporally variable, the actual scattering times could 
considerably exceed the calculated T s based on local wave 
measurements. However, the long temporal duration over a 
~ 20 ø longitude region of the observed wave activity argues 
against strong spatial and temporal inhomogeneities. Hence 
the above considerations suggest that the calculated scattering 
times are probably reasonable and that the electron precipi- 
tation losses were on strong diffusion. 

A possible interesting consequence of the short whistler 
scattering times is that low-energy electrons could undergo a 
significant upward diffusion in energy before being lost to the 
atmosphere. Kennel [1969] showed that when Ts/Tmi , < 1, a 
delta function source at low energies would quasi-linearly dif- 
fuse into a high-energy tail of the form 

f(E) oc E-3/8 exp [--(E/Eo) TM] 

where 

where f•o is the equatorial cyclotron frequency corresponding 
to the initial L shell (Lo), r.3 o = co/fl o, b = B(L, ,•)/B(L o, O) is 
the ratio of the local field strength to the equatorial field 
strength on the initial L shell, and cos, is the local electron 
plasma frequency. 

For the electron distribution (4) and (5), the cyclotron reso- 
nant contribution to k s is 

k C --- 
n2jz*rnfl o (b - rbo) 2 cos 6 

N cos ½ (b cos ½ -Cbo) 

1 o• dt t[-•-) (sin •c) ß b7 ax(t•,tc) 

ß [Az•--(M +1 + Az)sin 2 Uc3 L7•o 

.[(l + cos ½)Jo •o(b-7•o)sin ½ tan 2 b(b - •o) 

+ exp (t•2• ym • exp (--t2/t•2)(sin dt t 
b, 

[A.b (,2 ,0A. (sin2%)) ] 'L•- t• +A•-• 0•ln• b, sin2 

.[(1-t-cos •)Jo- •o sin ½ tan tpJ•] 2} , 

2 b (A2) 

: [2½ Ymin(E •_•/8•.!1•"(,,• Eø Ts J L8r•N,/ 
From Figure 11 we have Tmin/Ts ~ 2--5 for the strongly scat- 
tered energy range. Hence œo •(2.7--4.0)B2/8r•N, which 
yields E o ~ 27-40 keV (L-6.73) and E o ~ 16-24 keV 
(L = 7.64). Since the functional form of the accelerated elec- 
tron distribution undoubtedly depends on details of the whis- 
tler wave spectrum that were not included in Kennel's [1969] 
rough calculation, a direct comparison of the above quasi- 
linear f(œ) and the observed Voyager electron energy spec- 
trum is probably unwarranted. However, the scaling energy 
E o should represent a characteristic energy of the whistler 
accelerated electrons. Hence whistler energy diffusion is a pos- 
sible source of the 10- to 40-keV electrons observed on the 

Uranian auroral L shells. 

In conclusion we arrive at no conclusions on the origin and 
transport of the Uranian radiation belts. The calculated whis- 
tler scattering times are likely correct. The implied strong dif- 
fusion losses are difficult to reconcile with the observed behav- 

ior of the electron phase space densities which indicate only 
weak radial diffusion and "substormlike" injections. Perhaps 
whistler turbulence or other processes (such as parallel electric 
fields) accelerate electrons within the auroral region. The mag- 
netospheric radiation belt adventure continues. 

APPENDIX 1 

The general expression for the whistler temporal growth 
rate cos can be found in the work by Church and Thorne 
[1983]. In our calculations we have retained only the Landau 
and first-order cyclotron resonant contributions. We have 
converted the temporal growth rate to the spatial growth rate 
k i through the relation k i '-- coi/tga; the whistler group speed is 

2C•or•o•/2[b cos Ip -- (•013/2(1 q- tan 2 6) •/2 
-- (A1) 

vø -- copb 

In (A2), A,•- A,•(t), and 7 = (1 + t2) •/2 is the relativistic Lo- 
rentz factor. Jo(X), Y•(x) - xJ•(x) are Bessel functions of argu- 
ment x- k.p./mfl. The minimum momentum for cyclotron 
resonance is 

b rbø 2(nil -- (A3) '-- 2__ 1) nil- 1 + b2 tc (3o(n i I 

where n, = n cos •p. The pitch angle at which cyclotron reso- 
nance occurs is 

yrb o -- b 
cos % = (A4) 

(3Onllt 

The contribution to ks from the Landau resonant interac- 
tion is 

2•:2je*rnf•o (•0 2 tan ½ sin b 
kL = -- 

N b 

(M + 1 + A•) dt t -•- b, Ar ax(tr 
(sin 0•i.,) 2Af COS 2 •L 

'[Jo -- 7 b cos tp -- b cos 

+ exp/t•2• Im • dt t 
Ltw 2 } in(tE,tL) 

exp(_t2/t,•2Xsin •.)2•w cos 2 •L 
b, Aw 

It 2 tOA. ß t'•q- 2 at k, b, 

b cos tp_ rb ø ]2} b cos ½ tan 2 •.0T• (A5) 
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In (A5) the Landau resonant momentum is 

1 

= 2__ 1)1/2 (A6) tL (nil 
and the pitch angle at Landau resonance is 

cos •r = 7/nllt (A7) 

The total spatial growth rate is, of course, k• = k c + k•,. The 
gain along a ray path is 

G = •i ds k,(s) = Ioa r dJ. [l + tan2(•b -- • -- cS)]•/2k,(s) 
(A8) 

In calculating k•(s), JE*, M, and N are all functions of L. For 
N(L) we used the Kurth et al. [this issue] density (equation 
(1)). The power law spectral index is given by 

M(L) 
- 1 + o•(L -- Ls) + fi•(L -- Ls) 2 (A9) 

M(Ls) 

where for L s = 6.47 (7.4), M(Ls)= 1.75 (1.87), 0• M = 0.05923 
(--0.5606), and tim - 0.1945 (0.53023). The L shell dependence 
of the energetic electron differential flux is given by 

jE*(L) 

jE(Ls)b . AE(Ls) 
= 1 + •r(L -- Ls) + fir(L -- Ls) 2 (A10) 

where for L s = 6.47 (7.4), j•(Ls)= 1.4 x 10 •s (7.67 x 10•'•), 
0• r = --0.447 (-- 1.6875), and fir = -0.0494 (1.5974). 

APPENDIX 2 

The parallel velocity for cyclotron resonance is given by 

2 •"•e 2 (b. - (3) 3 
fill -- 2 • (All) 

(D pe (3 

where •e, co•,e refer to equatorial value, (3 = co/•, and b, is 
the ratio of the local to the equatorial field strength on a given 
L she11. In calculating/•, fill is held constant. Hence from the 
resonance condition and whistler group speed we have 

b, - (3 v 0 2(3 (A12) n- fill(3 v0+lvlll -b,+2(3 
If we let (3e be the resonant frequency at the equator (b, = 1) 
for a given •ll, (A11) can be rewritten as 

b,((3) = (3 + ((3/(3e)•/3(1 -- (3e) (A13) 

Thus for fixed fill, a whistler with frequency (3 will be in cyclo- 
tron resonance at the location where b, = b,((3). 

For small magnetic dipole latitudes the relation between the 
normalized field strength and arc length is 

b, = 1 q- $2/$02 $02 = •9 L2Rv 2 (A14) 

Hence/5• can be written as 

s o •1 •'*(t) db /•" = • (b; Z 1)•/2 (A15) 
where b,(l)>> 1. The observed E2(f) is strongly peaked at 
(3rn = 0.265 for SCET 2011 ((3m - 0.31 for SCET 2035) and is 
greatly reduced by the maximum frequency (3•--0.473 for 
SCET 2011 ((3•- 0.496 for SCET 2035). Hence we convert 
the integral over b, to an integral over (3 using the relation 

(A13) to find 

D•. = 3•r d(3 1+ 3d, e i7/iJD = 

ß [(3 -- 1 + ((3/(3e)•/3(1 - (3e)]-'/2} (A16) 
where I and s o have been substituted. Setting z = (3/(3e and 
using (14), (All), and (A12), D• becomes 

2 •1•/• _ 1.2 x 10 •co•e (3• dz 
D• = • 1 -- • z 

•z •/• + (1 - 6•)/(•6•)]E•(z) (A17) 
[z(3• -- 1 + zl/3(1 -- (3e)Jl/213(3e z q- zl/3(1 -- 

In order to carry out the integral in (A17), we analytically 
modeled the observed E2(f)as 

E2((3) = E2((3m) exp -- 0.071 
(A18) 

E2((3m) = 6.16 x 10 -9 V2/m 2 Hz 

for SCET 2011 and 

.__ 2 - (3 1.5 g2((3m) g ((.Dm)[•m] exp[--1(3/(3m--1' •'2 ] 
(A19) 

E2((3m) = 2.84 x 10 -9 V2/m 2 Hz 

for SCET 2035. Equation (A18) fits the SCET 2011 spectrum 
at (3 = 0.147 and (3 = 0.473 to within 0.1%. Equation (A19) 
fits the SCET 2035 spectrum at (3 = 0.23 and (3 = 0.388 to 
within 6% and at (3 = 0.17 and (3 = 0.496 to within 15%. The 

ratio cor, 2/•2•2 equals 24.89 (44.346) for SCET 2011 (SCET 
2035). 
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